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QUASINEUTRAL LIMIT FOR VLASOV-POISSON 
WITH PENROSE STABLE DATA 

DANIEL HAN-KWAN AND FREDERIC ROUSSET 


Abstract. We study the quasineutral limit of a Vlasov-Poisson system that describes the dynamics 
of ions in a plasma. We handle data with Sobolev regularity under the sharp assumption that the 
profile of the initial data in the velocity variable satisfies a Penrose stability condition. 

As a by-product of our analysis, we obtain a well-posedness theory for the limit equation (which 
is a Vlasov equation with Dirac distribution as interaction kernel) for such data. 
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1. Introduction and main results 

We study the quasineutral limit, that is the limit e ^ 0, for the following Vlasov-Poisson system 
describing the dynamics of ions in the presence of massless electrons: 

' dtfe + V ■ Vxfe + Ee ■ = 0, 

Ee = ~Va;I4, 

|K-e"AK=/ fedv-1, 

, fe\t=0 = fe- 

In these equations, the function f^{t,x,v) stands for the distribution functions of the ions in phase 
space T'^ X M'^, d G N*. We assumed that the density of the electrons Ue satishes a linearized 
Maxwell-Boltzmann law, that is Ue = ~ 1 -|- I 4 which accounts for the source —(1 -|- I 4 ) in the 

Poisson equation. Such a model was recently studied for instance in IsnilzilEa E]. Though we 
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have focused on this simplified law, the arguments in this paper could be easily adapted to the 
model where the potential is given by the Poisson equation —e^AVs = f^d fedv — 

The dimensionless parameter e is defined by the ratio between the Debye length of the plasma 
and the typical observation length. It turns out that in most practical situations, e is very small, 
so that the limit e —)• 0, which bears the name of quasineutral limit, is relevant from the physical 
point of view. Observe that in the regime of small e, we formally have that the density of ions is 
almost equal to that of electrons, hence the name quasineutral. This regime is so fundamental that 
it is even sometimes included in the very definition of a plasma, see e.g. [8]. 

The quasineutral limit for the Vlasov-Poisson system with the Poisson equation 

(1.2) -e^AI4= f fedv- [ fedvdx 

that describes the dynamics of electrons in a fixed neutralizing background of ions is also very 
interesting. Nevertheless, we shall focus in this paper on the study of (jl.ip . The study of (II.2p 
combines the difficulties already present in this paper linked to kinetic instabilities and the presence 
of high frequency waves due to the large electric field that do not occur in the case of (jl.ip . The 
study of the combination of these two phenomena is postponed to future work. 

It is straightforward to obtain the formal quasineutral limit of (II.ip as e —)• 0, we expect that 
e^AI4 tends to zero and hence if fe converges in a reasonable way to some /, then / should solve 

( dtf + v-V^f + E- VJ = 0, 



. /k=o = f. 


This system was named Vlasov-Dirac-Benney by Bardos [T] and studied in mm- It was also 
referred to as the kinetic Shallow Water system in [21] by analogy with the classical Shallow Water 
system of fluid mechanics. In particular, it was shown in [3] that the semigroup of the linearized 
system around unstable equilibria is unbounded in Sobolev spaces (even with loss of derivatives). 
This yields the illposedness of (II.3p in Sobolev spaces, see in particular the recent work [25|. In 
[2], it was nevertheless shown in dimension one, i.e. for d = 1 that (11.31) is wellposed in the class 
of functions f{x,v) such that for all x G T, u i->- f{x,v) is compactly supported and is increasing 
for V < m{t,x) and then decreasing for v > m{t,x), that is to say for functions that for all x have 
the shape of one bump. The method in this paper is to reduce the problem to an infinite number 
of fluid type equations by using a water bag decomposition. As we shall see below a by-product 
of the main result of this paper is the well-posedness of the system (11.31) in any dimension for 
smooth data with finite Sobolev regularity such that for every x, the profile v i->- /^(x, v) satisfies 
a Penrose stability condition. This condition is automatically satisfied by smooth “one bump for 
all x” functions in dimension one. It is also satisfied for small enough data for example. 

The mathematical study of the quasineutral limit started in the nineties with pioneering works 
of Brenier and Grenier for Vlasov with the Poisson equation (11.21) , first with a limit involving defect 
measures [3 ESI, then with a full justification of the quasineutral limit for initial data with uniform 
analytic regularity m- The work m also included a description of the so-called plasma waves, 
which are time oscillations of the electric field of frequency and amplitude 0{j). As already said, 
such oscillations actually do not occur in the quasineutral limit of (jl.ip . More recently, in |23l [23] , 
relying on Wasserstein stability estimates inspired from |26l [30] , it was proved that exponentially 
small but rough perturbations are allowed in the main result of m- 

In analytic regularity, it turns out that instabilities for the Vlasov-Poisson system, such as two- 
stream instabilities, do not have any effect, whereas in the class of Sobolev functions, they definitely 
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play a crucial role. It follows that the quasineutral approximation both for (jl.ip and (na) is not 
always valid. In particular, the convergence of (jl.ip to (11.31) does not hold in general: we refer to 

[HI [22]. 

Nevertheless, it can be expected that the formal limit can be justihed in Sobolev spaces for stable 
situations. We shall soon be more explicit about what we mean by stable data, but this should at 
least be included in the class of data for which the expected limit system (11.31) is well-posed. The 
hrst result in this direction is due to Brenier [ 6 ] (see also |32] and [21])) in which he justifies the 
quasineutral limit for initial data converging to a monokinetic distribution, that is a Dirac mass in 
velocity. This corresponds to a stable though singular case since the Dirac mass can be seen as an 
extremal case of a Maxwellian, that is a function with one bump. Brenier introduced the so-called 
modulated energy method to prove this result. Note that in this case the limit system is a fluid 
system (the incompressible Euler equations in the case of (jl.2p or the shallow water equations in the 
case of (jl.ip ) and not a kinetic equation. This result is coherent with the fact that the instabilities 
present at the kinetic level do not show up at the fluid level, for example the quasineutral limit of 
the Euler-Poisson system can be justified in Sobolev spaces and has been for example studied in 

[ 9 ], m- 

Eor non singular stable data with Sobolev regularity, there are only few available results which 
are all in the one-dimensional case d = 1. 

• In [22], using the modulated energy method, the quasineutral limit is justified for very spe¬ 
cial initial data namely initial data converging to one bump functions that are furthermore 
symmetric and space homogeneous (thus that are stationary solutions to (jl.ip and (II.3p ). 
It is also proved that this is the best we could hope for with this method. 

• Grenier sketched in m a result of convergence for data such that for every x the profile 
in V has only one bump. The proposed proof involves a functional taking advantage of the 
monotonicity in the one bump structure. Such kind of functionals have been recently used 
in other settings, for example in the study of the hydrostatic Euler equation or the Prandtl 
equation, see for example [331 [Ml 12]. 

The main goal of this work is to justify the quasineutral limit that is to justify the derivation 
of (jl.3p from (II.ip in the general stable case and in any dimension. As a byproduct, we shall also 
obtain the well-posedness of (jl.3l) for stable data with Sobolev regularity. 


To state our results, we shall hrst introduce the Penrose stability condition [38] for homogeneous 
equilibria f(u). Let us dehne for the prohle f the Penrose function 

iP(7, r, 7 , f) = 1 - • (J-.V.f)(r?s) ds, 7 > 0 , r G M, r/ G R^\{0} 

where denotes the Pourier transform in v, whose dehnition is recalled below. We shall say that 
the prohle f satishes the Penrose stability condition if 


(1.4) 


inf 

(7,T,r;)€(0,-|-oo) xRxR^\{0} 


> 0 . 


It will be also convenient to say that f satishes the cq Penrose stability condition for some cq > 0 if 


(1.5) 


inf 

(7,T,77)g(0,+oo)xRxK'^\{0} 


> Cq. 


The non-vanishing of V only has to be checked on a compact subset if / is smooth and localized 
enough (for example if / G T-L^, a > dj2 with the notation below) and thus if f verihes the (jl.4p 
stability condition then it also satishes the (II.5p stability condition for some cq > 0. This condition 
is necessary for the large time stability of the prohle f in the unsealed Vlasov-Poisson equation 
(that is to say for ( 11 . 11 ) with e = 1). Note that it was recently proven in [37], [S] that Landau 
damping holds in small Gevrey neighborhood of such stable solutions, which means that such 
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profiles are nonlinearly stable and even asymptotically stable in a suitable sense with respect to 
small perturbations in Gevrey spaces (see also |10] for Landau damping in Sobolev spaces for the 
Vlasov-HMF equations). 

Remark 1. The assumption ([I3|) is automatically satisfied in a small data regime. In a one¬ 
dimensional setting, (HZI) is also satisfied for the “one hump ” profiles described previously. In any 
dimension, dLSI) is verified for any radial non-inereasing function (therefore, local Maxwellians are 
included) and there exist more sophistieated criteria based on the one bump structure of the averages 
of the function along hyperplanes. We refer to m for other eonditions ensuring ([ 13 ]). Note that 
any suffieiently small perturbation of a Penrose stable profile is also Penrose stable. 


Throughout this paper, we consider take the following normalization for the Fourier transform 
on T'^ and M™: 


Tiu)ik) 

;= ( 21 ,)-“ 

[ u{x)e-^’^-^ dx, 

Ijd 

k G 

T{v){C) : 

:= (2ir)-’" 

[ dy, 

^ G M"* 


With this convention, the inverse Fourier transform yields 

u{x) = x € 




v{y) = [ F{v){f)e'-^'y df, y€ 
JR”! 

For fc € N, r G M, introduce the weighted Sobolev norms 


1/2 


( 1 . 6 ) 


■ — 


E 




{l + \v\‘^Y\d)fdOf\‘^dvdx 


where for a = (ai, ■ • • , a^), (3 = {fii, • • • , fid) £ we write 

d d 

l«l = E“*’ 1^1 = E^*’ 


i=l 


i=l 


noi . . . fio^d fi0 

• '^Xi ^Xd ’ • ^Vi '^Vfi • 

We will also use the standard Sobolev norms, for functions p{x) that depend only on x 



Setting pfit,x) := /^(L a:, n) dn, where satisfies (11.11) . we introduce the key quantity for 

m G N* and r G M_|_ (they will be taken sufficiently large) 


d^2m,2r{ti fe) •— ll/e 3 llde 

Let us fix our regularity indices. We define 

(1-8) mo = 3 + ^+Po, Po = L^J + ro = max(d,2 + ^) 

and we shall mainly work with 2m > mg and 2r > vq. 
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The main result of this paper is a uniform in £ local existence result in Sobolev spaces for (jl.ip 
in the case of data for which the profile v e->■ f^(x,v) satisfy the Penrose stability condition (|1.4I) 
for every x. More precisely, we shall prove the following theorem. 

Theorem 1. Assume that for all e G (0,1], G 1^2™ with 2m > mo, 2r > ro and that there is 
Mq > 0 such that for all e G (0,1], ||/e < Mq. Assume moreover that there is cq > 0 such that 

for every a: G and for every e G (0,1], the profile v f^{x,v) satisfies the cq Penrose stability 
condition (HZ]). 

Then there exist T > 0, R > 0 (independent of e) and a unique solution f^ G C([0, T], of 

dEU) such that 

sup M'2m,2r{T,fe) < R 

eG(0,l] 

and f^{t,x, •) satisfies the co/2 Penrose stability condition (|1.5I) for every t G [0,T] and x G T'^. 


As already mentioned, the Penrose stability condition that we assume is sharp in the sense that 
it is necessary in order to justify the quasineutral limit for data with Sobolev regularity, see |22] . 
By Remark [1] the assumption that for all x G v e-)■ f^{x,v) satisfies the cq Penrose stability 
condition ()1.5p is verified if converges to a function under the form 

f^{x, v) = F{x, \v — u(x)p) + g{x, v) 


where T : x M_|_ —>■ 1R+ is such that for every x, F{x,-) is non-increasing, u is a smooth function 
and 5 is a sufficiently small perturbation (in for s > 2 and a > d/2). This class includes in 
particular small perturbations of local Maxwellians: 


M{x, v) 


p{x) ( |u — tt(x)p \ 

{2-kT{x))^/‘^ ^ V ^(^) / 


Note also that though it is not stated in the Theorem, the solution remains in 
Nevertheless, the norm is not controlled uniformly in e, only the quantity M 2 m. ,2r{T,fe) is. 


From this uniform existence result, we are then able to justify the quasineutral limit for (II.ip . 

Theorem 2. Let f^ G satisfying the assumptions of Theorem [T] Assume that in addition 

there is f^ G L^(T'^ x such that f^ —)■ f^ in L^(T'^ x Then, on the interval [0, T] with 

T > 0 defined in TheoremUi we have that 

sup ll/e - /||l 2 nL-„ + sup \\pe - ph^nL^ ^£^0 0 
[0,T] ’ ’ [0,T] 

where f is a solution of p.fip with initial data such that f G C([0, T], P — /iRd^ 

L^([0, T], and that satisfies the co/2 Penrose stability condition (|1.5I) for every t G [0,r] and 

x G T'^. 


As a by-product of our analysis, we obtain local well-posedness for Vlasov-Dirac-Benney, in the 
class of Penrose stable initial data. Existence is a consequence of the statement of Theorem [J] 
while uniqueness is more subtle and is rather a consequence of the analysis that is used to prove 
Theorem [TJ 

Theorem 3. Let f^ G with 2m > mo, 2r > tq be such that for all x G T'^, v i-> f^{x,v) 

satisfies the cq Penrose stability condition (HZl). Then, there exists T > 0 for which there is a unique 
solution to (II. 3p with initial condition f^ and such that f G C([0,r],FF2™ ^); P € T^([0, T], 
and V !->■ f(t,x,v) satisfies the cq/2 Penrose condition for every t G [0,T] and x G T'^. 

Remark 2. We have focused on periodic boundary conditions in x. Nevertheless, our results could 
be extended to the case x G without major changes. 
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2. Strategy 


Let us explain in this section the main strategy that we follow in this paper. The main part of 
this work consists of Sections O [H [5] and [6] where we provide the proof of Theorem [TJ 

Our proof is based on a bootstrap argument, which we initiate in Section [3l The main difficulty 
is to derive a suitable a priori uniform estimate for Af 2 m, 2 r{T, fe) for some T > 0. Note that if we 
consider data with a better localization in the velocity space, we could rely on the fact that for all 
e > 0, there is a unique global classical solution of dEU) (see ID)- However, such a result is not 
useful in view of the quasineutral limit, since it does not provide estimates that are uniform in £. 

Assuming a control of \\Pe\\L'^((o,t),H^^) some t > 0, the estimate for ||/e||j;^oo((o i)can 
be obtained from a standard energy estimate (see Lemma [5|) . Consequently, the difficulty is to 
estimate m J . Prom now on, we will forget the subscript e to reduce the amount of 

notation. 

A natural idea would be to use the fact that up to commutators, given /(t, x, v) satisfying (11.11) . 
9^™/ evolves according to the linearized equation about /, that is 

(2.1) dtdl^f + V • + dl^E -V.f + E- + • • • = 0, 

where • • • should involve remainder terms only. One thus has first to understand this linearized 
equation. When / = f{v) does not depend on t and x, then the linearized equation reduces to 

(2.2) dtf + v-Vj + E- Vj = S 

and one can deduce an integral equation for p = fdv by solving the free transport equation 
and integrating in v. This was used for example in the study of Landau damping by Mouhot and 
Villani [37]. Then by using Fourier analysis (in time and space) and assuming that f{v) satisfies a 
Penrose stability condition, one can derive relevant estimates from this integral equation and thus 
estimate p \n with respect to the source term (without loss of derivatives). 

Nevertheless, there are two major difficulties to overcome in order to apply this strategy in 
Sobolev spaces and in the general case where / depends also on t and x. 

• The first one is due to subprincipal terms in (12.ip . This comes from the fact that we do not expect 
that 2m derivatives of / can be controlled uniformly in e (only 2m derivatives of p and 2m — 1 
derivatives of / are). In (12.ip . there are actually subprincipal terms under the form dxEf 
that involves 2m derivatives of / and thus cannot be considered as a remainder. The idea would 
be to replace the fields dx^, by more general vector fields in order to kill this subprincipal term. 
However, since these fields have to depend on x, they do not commute with v ■ Vx anymore and 
thus we would recreate a bad subprincipal term. A way to overcome this issue consists in applying 
to the equation powers of some well-chosen second order differential operators designed to kill all 
bad subprincipal terms. These operators are introduced and studied in Lemma [Hand in Lemma [3 
By applying these operators to /, we obtain functions ftj that satisfy two key properties. First, 
they can be used to control p in the sense that 

[ f,,,dv = df’^^p + R, 

jRd 

where is of order 2m and i? is a remainder (that is small and well controlled in small time), 

see Lemma El Furthermore, ftj evolves according to the linearized equation about / at leading 
order, that is 

dtfij + V • Vxfij + E • S/yfij + . V,/ + • • • = 0, 

where • • • is here a shorthand for lower order terms that we can indeed handle. 

• Since / depends on x, there is a nontrivial electric field E in the above equation and we cannot 
derive an equation for the density just by inverting the free transport operator and by using Fourier 
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analysis. We shall thus first make a change of variable in order to straighten the vector field 

dt + v-Vx + E-V^ into dt + -Vx, 

where is a vector field close to v in small time. By using the characteristics method, and 

a near identity change of variable, we can then obtain an integral equation for the evolution of 
that has nice properties (see Lemma [T4l and Lemma flKl) . For this stage, we need to 
study integral operators under the form 

Ka{F){t,x) = j J {VxF){s,x - {t - s)v) ■ G{t,s,x,v)dv. 

Note that Kq seems to feature a loss of one derivative when acting on F, but we prove that it is 
actually a bounded operator on Lj ^,, provided that G{t, s,x,v) is smooth enough and localized in 
V, see Proposition [1] This is an effect in the same spirit as kinetic averaging lemmas (see e.g. [13ji. 
We essentially end up with the study of the integral equation (with unknown F) 

F = Ky^foiF) + R, 

where R is a remainder we can control. 

• The last step of the proof consists in relating I — to a semiclassical pseudodifferential 

operator whose symbol is given by the function P( 7 , r, ry,(x, •)) (see Lemma fTBI) . We therefore 
observe that the Penrose stability condition (jl.4p can be seen as a condition of ellipticity of this 
symbol. We can finally use a semi-classical pseudodifferential calculus with parameter in order to 
invert I — up to a small remainder, which yields an estimate for d^p in Lj 3 ,, as achieved in 

Proposition [2l Note that this part of the proof is very much inspired by the use of the Lopatinskii 
determinant in order to get estimates for initial boundary value problems for hyperbolic systems 
( |28l [35l [3T] ) and the use of the Evans function in order to get estimates in singular limit problems 
involving stable boundary layers ([MlHaiSlEe]). 

Once these a priori estimates are obtained, it is standard to conclude the bootstrap argument, 
see Section [ 6 l In Section [71 we provide the proofs of Theorems [2] and [3l Theorem [2] follows from 
Theorem [1] and compactness arguments. Then, existence part in Theorem [3] is a straightforward 
consequence of Theorem [2l The uniqueness part needs a specific analysis, which is performed in 
the same spirit as the way we obtained a priori estimates, see Proposition [3] and Corollary [2l 
The last section of the paper is dedicated to some elements of pseudodifferential calculus which 
are needed in the proof. 

3. Proof of Theorem [H setting up the bootstrap argument 

For the proof of the a priori estimates that will eventually lead to the proof of Theorem [H we 
shall systematically remove the subscripts e for the solution /g of (II.Ih . The notation A < B will 
stand as usual for A < G B where C is a positive number that may change from line to line but 
which is independent of e and of A, B. Similarly, A will stand for a continuous function which is 
independent of e and which is non-decreasing with respect to each of its arguments. 

3.1. Some useful Sobolev estimates. Before starting the actual proof, let us state some basic 
product and commutator estimates that will be very useful in the paper. We denote by [A, B] = 
AB — BA the commutator between two operators. We shall also use in the paper the notation 
II • Wfjk for the standard Sobolev norm on for functions depending on (x, v). In a similar way we 
will use the notations || • ||iyfe,oo and || • for the standard Sobolev spaces on L°° for functions 

depending on x and (x, v) respectively. 
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Lemma 1. Consider a smooth nonnegative function x = xi^) that satisfies |i9“xl ^ CaX for every 
a e 

• Consider two functions f = f{x, v), g = g{x, v), then we have for every s > 0, and k > sj^ 


(3.1) 


(3.2) 


(3.3) 


Wxfgh 


< 


TTrfe.OO 

Wa:;v 


Hi 


+ ll5llvi/^,-||x/ll 




Consider a function E = E{x) and a function E{x,v), then we have for any sq > d and 
s > 0 that 

\\XEF\\^.^^ < \\E\\^so\\xF\\hs^^ + \\E\\hs\\xF\\hs^^. 

Consider a vector field E = E{x) and a function f = f{x, v), then we have for any sq > 1+d 
and for any a, /I G N'^ such that |q:| + |/3| = s > 1 that 


X 


d^dS,E{x)-V, f 


< 


Ll , 


\\F\\Hio\\xf\\Hi^ + \\E\\H^Jxf\\ 




Note that by taking as weight function x(u) = (1 + |up)^ 2 , we can use this lemma to get 
estimates in Note that ()3.2I) . (13.11) are not sharp in terms of regularity but they will be 

sufficient for our purpose. 

Proof of Lemma{^ The estimate ()3.1I) is straightforward, using the pointwise estimates on x 
its derivatives. To prove (j3.2p . by using Leibnitz formula, we have to estimate 

\\xd^Ed^,d2Fhi^ 

with |a| + \j3\ + I 7 I < s. If |q:| < d/2. We write by Sobolev embedding in x that 
WxdfEdPd/FUi^^ < Wd'fEU^WxFWus^^ < \\E\\^so\\xF\\h^^^. 

If |a| > d/2, by using again Sobolev embedding in x, we write 

WxdfEd^d/FWLi^^ < ||.E||h-(^ J sup \xd^d/Fl"^ dvy < ||.E||//. 
since |/3| + I 7 I + f < s — |a| + | < s. 

To prove (13.3p . we proceed in a similar way. By expanding the commutator, we have to estimate 

xdfE • V^dr^d^f 


Ij — 


r 2 

■‘^x,v 


for 0 < 7 < a where |a| + |/3| = s. If 0 < I 7 I < 1 + |, we write by using Sobolev embedding in x 


I, < ||52^||L-||xV.ar'^a,^/llL^.„ < II^IIh=o||x/II 

If I 7 I > 1 + I, we write by using again the Sobolev embedding in x 


m 


h < \\dfE\\L 2 / sup|xV, 9 r^ 9 ,^/| 2 du < \\E\\Hs\\xf\\ 


\Hi 


since 1 + |a| + |/3| — I 7 I = 1 + s — I 7 I < s — 


2 - 


□ 


We shall also use the following statement. 


Lemma 2. Consider two functions f = f{x,v), g = g{x,v) and take xiv) satisfying the assump¬ 
tions of LemmaUl then for every s > 0 and a,j5^ with |a| + |/1| < s, we have the estimate 

„ 1 


\\dUd^v9\\L^<\\^f\\L^ 

X. 


H” T 


X 




(3.4) 












Proof of Lemma{^ It suffices to notice that since x and 1/x satisfy that |9“(/)| < 4> for every a, it 
is equivalent to estimate 

9x,v (-f) d'x,viX9) 

VX / 

with a, (5 that still satisfy |q;| + |/3| < s and the result follows from the standard tame Sobolev- 
Gagliardo-Nirenberg-Moser inequality. □ 

3.2. Set up of the bootstrap. From classical energy estimates (that we shall recall below, see 
Lemma 0]) , we easily get that the Vlasov-Poisson system is locally well-posed in for any m 
and r satisfying 2m > 1 -\- d and 2r > d/2. This means that if G there exists T > 0 

(that depends on e) and a unique solution / G C([0,T],of the Vlasov-Poisson system. We 
can thus consider a maximal solution / G C([0,T*),Note that since 2r > d/2, we have for 
every T G [0, T*), 

(3-5) \\p\\l‘^{{o,t),h^^) < sup 11 / 11 ^ 2 ^. 

[0,T] 

and hence M 2 m 2 r{T, f) is well defined for T < T*. Prom this local existence result, we can thus 
define another maximal time T'" (that a priori depends on e) as 

(3.6) r^ = SUp{rG [0,T*), Af2m,2r{TJ)<R}- 

By taking R independent of £ but sufficiently large, we have by continuity that > 0. Our aim is 
to prove that R can be chosen large enough so that for all e G (0,1], is uniformly bounded from 
below by some time T > 0. There are two possibilities for T^: 

( 1 ) either = T*, 

(2) or T" < T* and W 2 m, 2 r(T^ /) = R. 

Let us Hrst analyze the first case which is straightforward. If = T* = -|-oo, then the estimate 
■^ 2 m, 2 riT, f) < R holds for all times and there is nothing to do. We shall soon show that the 
scenario = T* < -|-oo is impossible by using an energy estimate. 


We shall denote by T the transport operator 


(3.7) 7” dt V ■ E ■ 

where E is the electric held associated to /, that is FI = — V(/ — e^A)“^(Jjjd f dv — 1). 

We hrst write an identity (that follows from a direct computation) which we will use many times 
in this paper. 


Lemma 3. For a,l3 ^ N“, we have for any smooth function f the formula 

d 

(3.8) d^d/liTf) = Tid-di/f) + Y, tp,^odx^d^df f + E • V, 


/, 


2=1 


where is equal to (3 except that /3- = /3j — 1. 
The 732 /^ energy estimate reads as follows. 


Lemma 4. For any solution f to dni), we have, for some C > 0 independent of e, the estimate 


(3.9) 


sup \\f{t)\\lp 2 m < ||/°||^ 2 mexp 
[0,T®) 2. «2r 
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Proof of Lemma\^ Using (|3.8I) . for / satisfying (11.111 and thus T/ = 0, we can use the commutator 
formula (13.8|) . take the scalar product with (1 + and sum for all \a\ + \fi\ < 2m. By 

using dMl) with s = 2m, x(u) = (1 + and sq = 2 m (recall that 2 m > 1 + d), we get 


X 


d^dS,E{x)-vJf 


< 

rv-/ 




By Cauchy-Schwarz we thus have 


j X dfd^,E{x)-V^ f xdfd^f 


11 -^11^2'" ll/ll^2m. 


We end up with a classical energy estimate 


_d 

dt 


•a_/ 2 m 

^ 2 r 


< 


.^2m + ||U||jy2r, 


By using the elliptic regularity estimate for the Poisson equation which gives 


\E\\H2m. — ||V3;U||j^2r, 


< 1 | 


|j^ 2 m, 


we obtain that for t € [0, T^) and for some C > 0 independent of e, 

||/(t)||^2m < ll/°ll^2m ^ ^ ^ ^“11/^11^2"* + ll/(®)ll^2m 

for some C > 0. Consequently, from the Gronwall inequality, we obtain that 


sup \\f{t)\\^2m < 11/ ||^2mexp 

[0,TS) 2r- ^2r 


1 


p 0||2 


< 11/ Ilh 2 m exp 

^ 2 r 

from which, since M 2 m, 2 r{T^, f) < R-, we obtain the expected estimate. 


C \T^ + -(T'^)2 ||/3||L2([o,T®),//2m) 


C(T^ + -{T^)2M2m,2r{T^J) 


In particular, if = T* < -|-oo, we have 


sup \\f{t)f 

[0,T*) 


'l/ 2 m ^ 
^ 2 r 


f°ll^ 2 m exp 


C [T^ + -{T^)2R 


< - 1 - 00 . 


□ 


This means that the solution could be continued beyond T* and this contradicts the definition 
of T* and so this case is impossible. 


Therefore, let us assume from now on that < T* and M2m,2r{T^ ^ f) = R- We shall estimate 
J^ 2 m, 2r{T, f) and prove that for some well chosen parameter R (independent of e), there exists 
some time > 0, small but independent of s, such that the equality 

M 2 m, 2 r{T,f)=R 

cannot hold for any T € [0,T^]. We will then deduce that > T^. 

To this end, we need to estimate M2m,2r{T, f). To estimate the part ll/elliooqo t) 
quantity, we can proceed by standard energy estimates as above. Then the main part of the work 
will be to control \\Pe\\L'^{{o,T),H'^^) uniformly in e by using the Penrose stability condition. Note 
that we cannot use the estimate (13.51) to get a control that is independent of e since estimating 
WfWHl m in terms of M2m,2r{T, f) requires the use of the elliptic regularity provided by the Poisson 
equation, and thus costs negative powers of e. 

We end this section with the energy estimate without loss in e. 
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Lemma 5. For 2m > 2 + d and 2r > d/2, we have for any solution f to (11.11) the estimate 

(3.10) sup ll/ll y2m-l < ||/*^||.u2m-l -\- T‘2 A{T, R) , 

[0,T] 2. «2r 

for every T G [0, T^). 

Proof of Lemma\^ Let a, ft G N'^ with |a| + |/3| = 2m — 1. We can use again the commutation 
formula (13.8p take the scalar product with (1 + sum for all \a\ + |/3| < 2m — 1 and 

use (13.31) with s = 2m — 1, x(^) = (1 + ^^0 sq = 2m — 1 (which is licit since 2m > 2 + d). 

We obtain that 

(3.11) + 

at ^ 2 no ^ 2 no ^ 2 no 

Integrating in time we obtain that for every T G [0, T*"], for some C > 0 

sup \\f\\y2m-l < ||/°|| — 1 + C sup ||/||.^ 2 m-l Tr + f \\E\\jj 2 m-l dl^ . 

[ 0 ,T] 2’’ [ 0 ,T] \ Jo J 

By using Cauchy-Schwarz in time and the crude estimate 

(3.12) ||i?||j^2m-l = \\V xV\\}j2m-l < ||p||j^2m 


which is uniform in e since it does not use any elliptic regularity, we obtain that 

sup 11 / 11 ^ 2^-1 < \\f\\y 2 m-i+CR{T + T^R). 

[o,r] 

This proves the estimate (I3.10p . 


□ 


4. Proof of Theorem [TJ preliminaries for the estimates on p 


4.1. Definition of appropriate second order differential operators. In order to estimate 
the // 2 m norm of p, we need to introduce appropriate differential operators of order 2m which 
are well adapted to the Vlasov equation in the quasineutral scaling. The usual basic approach is 
to use the vector fields dx, and thus to apply (9“ with |a| < 2m to the Vlasov equation. The 
hope is that up to harmless commutators, d°‘f will evolve according to the linearized equation 
about / and thus that we will just have to understand the dynamics of this linearized equation. 
Nevertheless, there are unbounded terms arising because of commutators, the main problem is the 
subprincipal term dE ■ that involves 2m derivatives of / and thus cannot be controlled 

by f) uniformly in e. As explained above, we could try to use more complicated variable 

coefficients vector fields designed to kill this commutator term. But since these vector fields have 
to depend on x they would not commute any more with the free transport operator v ■ and thus 
we would recreate another bad subprincipal commutator. This heuristics motivates the analysis 
of this section. It turns out that the following second order operators (and their composition) are 
relevant since they have good commutation properties with the transport operator T (which was 
defined in (I3.7j) l. 


Lemma 6. Let {(pfR be smooth solutions of the system: 


(4.1) 


J~Pk,i ~ Yfi ^ Pk',i'Pk/i 'F bkjdxfEi + dk^idxjEi, 


l<k',l'<d 


= - 


Pkii'Yk/i Pk^ibJxk^k- 


Kk’l’Kd 
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We assume that for all k,l, the matrices {‘^W)i<i,j<d CLud {'4hfi)i<i,j<d are symmetric. Introduce 
the second order operators 

(4.2) Ljj := dxiXj + '^k^i^vkV!^ ■ 

l<k,l<d 

Then for all smooth functions f, we have the formula 

(4.3) U^jTif) = TLijif) + dx,x,E -V.f + Y, TZLk,if- 

k,l 

Proof of Lemma 0 We have by direct computations 

dx.xATf) = T{dx,xJ) + dx,x,E ■ V,/ + dx,E • VxdxJ + dx,E ■ VAJ, 
TkjdxM'T'f) = T'iTZdxAf) + Tk,i (dxkxj + dx^E ■ V^d^J) - T {ipl]i)dx^dyj , 
^^idvkvATf) = + f^ljidvAf + dy,dxj) - 

We can rewrite 


Tk,l^Xk^J — Tk,l I ^k,lf ^ f I ’ 

V k',V 

which entails that 

U^jUf) = TLijif) + dx,x,E -Vxf + Y, TkM 


k,l 


+ ^dxAf 

k,l 

+ dvkvif 
k,l 


Tk,l + V’fcf/ + '4’l]k ^ Tk^,uTk,l + ^k,jdxiEl + 6k,idxjEl 

k',l' 


~'^'^ki ''^Tk',v'^kfi E(fif^idx^Ek 

k'V 


We therefore deduce (|4.3p . because of gH). 


□ 


We shall now study the Sobolev regularity of the solution of the constraint equations (|4.ip . 


Lemma 7. Assume 2m > 2 + d and 2r > d. There exists Tq = Tq{R) > 0 independent of £ such 
that for every T < mm(TQ,T’^), there exists a unique solution {T^k\’^k\)i,j,k,i on [0,T] of ()4.ip 
satisfying 


I 

Tk,l\t=0 



Moreover, we have the estimates 


(4.4) 


sup sup p <2m- d/2 - 2, 

[0,T] i,j,k,l 


(4.5) 


sup sup <T 2 A{T,R). 

[0,T]hj,k,l 


Finally, for all k,l, the matrices {TW)i<i,j<d and i'4’k\)i<i,j<d are symmetric. 
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Proof of Lemma System (14.11) is a system of semi-linear transport equations that is coupled only 
via a zero order term. The existence and uniqueness of smooth solution can be obtained by a 
standard fixed point argument and thus we shall only focus on a priori estimates. Note that the 
symmetry of the matrices {Pk\)i<i,j<d and {'f’k\)i<i,j<d for all k,l is a consequence of the uniqueness 
of the solution. 

Let us set 


Mp{T) = sup sup II ((/9 

[0,T] 






We first apply d^dy for |a| -|- |/3| < p to (j4.ip and use again the commutation formula (j3.8p . By 
using the maximum principle for the transport operator T, we get that 

MpiT) < T (1 + Mp{T)) Mp{T) + (1 + Mp{T)) \\VE\\wr,^ dt. 

Jo 


By Sobolev embedding and (I3.12p . we obtain 


/ 


II V£'||\yp,oo dt 




H2m 


-1 dt < T 2 R 


since 1 -|- p ^ < 2 m — 1 and hence we find 


Mp{T) < T^R +{T + T^R)Mp{T) + Mp{Tf. 


Consequently, there exists 70 > 0 independent of e but sufficiently small such that for every T <Tq 
satisfying (Tq -|- Tf R) < 70 , we get the estimate 

Mp{T) <T^R. 


For the estimate (j4.5ll . we apply d^dy with |a| -|- |/3| < 2m — 2 to the system (mD, we use the 
commutation formula (13.81) with the transport operator, multiply by the weight (1 + lup)”^ and 
take the scalar product by d^dy as usual. Let us set 

Q2m-2{t)= j 



By using 

• the product estimate (13.ip with s = 2m — 2, k = s/2 = m — 1, to handle the quadratic 
terms in the right hand side, 

• the commutator estimate ()3.3p with s = 2m — 2, sq = 2m — 1 (> 1 -|- d), to handle the 
commutators with E, 

we obtain for t € [0,T], T < min(To,T^) that 


d 


~R:\\iPk\^'^k])\\’n' 2 m -2 < (1 -I-Mm-l(r) + sup ||i?||j^2m-l)(52m-2(i)^ 

at ^-r [0,T] 


+ 


1 


(1 -I- Inp) 2 


-E 


Hi 




Note that since 2r > d, we have that 


1 


(1 -t- |r;p) 2 


< 

rs_/ 


ll^ll 


Hi 


Tr'^m — 1 
^x,v 
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Consequently, we can sum over and use (I3.12p and the estimate (14.41) (since m — 1 < 

2m — ^ — 2 is equivalent to 2m > 2 + d), to obtain that 

-^Q2m-2{t) < (1 + T^A{T, R))Q2m-2{t) + ||p||jy2m. 

The estimate (14.511 thus follows from the Gronwall inequality and Cauchy-Schwarz. 

□ 


We now study the effect of composing Ljj operators. 

Lemma 8. Assume 2m > 3 + d and 2r > d. For i,j £ {1, • • • , d}™', define 
(4.6) 

For every T < min (To, T*^), we first have that for i,j G {1, • • • ,d}"* 


(4.7) 


fijdv= [ + = + 

jR<i 


with a{i,j) = {ak{i, j))i<k<d, being equal to the number of occurrences of k in the set 

{ii, • • • , im-,jii ■ ■ ■ iJm] and TZ is a remainder satisfying for 2m > 3 + d 

(4.8) ll^lli,°°((0,T),L2) ^ A(r, T). 

Moreover, for f satisfying dni), we have that fij solves 

(4.9) • V,/ + MijT = Tij, 
where 

m 

(4.10) F := (/ij)ijg{i^...^rf}m, MijF Fk'i^ fik^ydu^i^ 

k=l k',l' 

where ig^t denotes the element of {1, • • • , d}™ which is equal to i except for its s-th element which 
is equal to t and F = {Fij) is a remainder satisfying 

(4.11) — ^(^’.^)’ VT < min(To, T*^). 

Proof of LemmalM At first, we can expand fij = ■ ■ ■ Li^j^f in a more tractable form. Let 

us set U = {Pkf'^,fj''kf^)i<k,i<d,i<a,i3<rn- Then, we can write 

2m—2 

(4.12) fij = +Y^ PsXaiU)P^XaidU) • • • P^f^^{d^U)d:dV 

5=0 e, a, ko"- ,ks 
2m-2 

5=0 e, a, ko---ks 

where the sum is taken on indices such that 


"ks 
■,a ’ 


(4.13) |e| = 1, |a| = 2m — 1 — s, ko + ki + ■ ■ ■ kg < m, ko > 1, ki + 2k2 + • • • skg = s. 

and {Psea{^))o<i<s are polynomials of degree smaller than ki (we denote by d^U the vector made 
of all the partial derivatives of length k of all components of. U). The existence of an expansion 
under this form can be easily proven by induction. We can set 





so that we have to estimate dv. All the following estimates are uniform in time for t € 

[0,T] with T < min(To,T^) but we do not mention the time parameter for notational convenience. 

Let us start with the case where TZe%a^" contains the maximal number of derivatives applied to 
/ that is to say when |q;| = 2m — 1 so that 2m derivatives of / are involved. In this case, we have 
s = 0 and hence 

[ <\adv= [ P^Xo^{U)d,d^fdv 

where fco is of degree less than m. We can thus integrate by parts in v to obtain that 


dv 


< 


Ll 


A(ni 




/ 


\d^f\dv 


< 


Ll 


A(nirvi-)ll/ll 


Tlr 


Consequently, by using (j4.4[) (since by assumption on m, we have 1 < 2m — 2 — ^) and (I.S.lOh (since 
2r > d), we obtain that on [0,T], 


dv 

, '^e,0,o 


Ll 


< A(r, R). 


It remains to estimate the terms for which s > 1. Note that for all these terms the total number 
of derivatives applied to / is at most 2m — 1. 

• When s < 2m — | — 2, we can use (14.411 to obtain that 


\\PtJU)P^iJdU) 


s,e,a\^ / s,e,Q:\ 

and hence we obtain as above that 


PeXa’^^dv 


s,e,Q; 


id^U)U^<AiT,R) 


Ll 


<AiT,R)\\f\L2m-i<AiT,R). 


• Let us now consider s > 2m — 2 — ^. Let us start with the case where in the sequence (fei, • • • ,ks), 
the bigger index I such that ki ^ 0 and kp = 0 for every p > / is such that I > s/2. In this case, 
since Iki < s, we necessarily have ki = 1. Moreover, for the indices p < I such that kp ^ 0, we must 
have p < pkp < s/2. Thus, we can use (14.411 to estimate provided s/2 < 2m — | — 2. 

Since s < 2m — 2, this is verihed thanks to the assumption that 2m > 2 + d. We thus obtain that 


[ dv 

< A(r, R) 

[ d^Udld'^fdv 

J 

Ll 

J 


Next, we can use that 


d^Udld^! 


< 


Ll 


(1 + |up )2 




Ll 


< 

r\j 


\\U\\^ 2^-2 sup 11(1 + \v\‘^) 2 d^d^f\\L 2 . 


By Sobolev embedding in x, we have 


sup 11(1 + < 11 / 11 ^ 2^-1 


as soon as 2m — l>l + |a| + | = l + 2m — 1 — s + ^ which is equivalent to s > 1 + |. Since we 
are in the case where s > 2m — 2 — the condition is matched since 2m > 3 + d. Consequently, 
by using (l3.1Up and (|4.5|1 . we obtain again that 


/ 


dv 


< 


Ll 


A{T,R). 
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Finally, it remains to handle the case where ki = Q for every I > s/2. Due to the assumption that 
2m > 3 + d, we have by the same argument as above that since s < 2m — 2, we necessarily have 
I < 2m — I — 2 and hence by using again (14.411 we find 

< A(r,i?), l<s/2. 


We deduce 

I <%a^dv 

This ends the proof of (14.Sp . 


< A(r,i?)||/||^ 2 ^-i < A(r,ii). 
Li 


To prove ()4.9I1 . (|4.1ip . we apply to (II.ip and use the identity (14.31) . We get for m > 2, the 
expression for the source term Fij 


(4.14) 
where 

(4.15) 

(4.16) 

(4.17) 


(4.18) 


Fi,j = — {Fi + F2 + F3 + F4) 


m—1 

k=2 

F 2 = • V,/) - . V,/, 

m—1 

F3 = j T’fcgi' + 2 Jm-i;+2 ' ' ' 


k=2 


m—1 


k^,l' 


k=2 k',l' 


F> = ii.j. ■ ■ ■ i.„-. IE ) - E 

k,l 


k.l 


Estimate of Fi. We shall first study the estimate for Fi. We have to estimate terms under the 
form 

(4.19) = L^-^Gk, Gk = d^E • 

where we use the notation L” for the composition of n Lij operators (the exact combination of the 
operators involved in the composition does not matter). Note that as in (I4.12p . we can develop L” 
under the form 

2n-2 

(4.20) L- = J] P^/e,a{U)Ps,i,aidU) ' ' ' Pt,a{d^U)d/,d^ 

5=0 e^a,ko---ks 

where {Pgi a{^))o<i<s are polynomials of degree smaller than ki and has length 2 n and the 
sum is taken on indices such that 

(4.21) |e| = 1, |q;| = 2n — 1 — s, feo + /ci + • • • < n, fco > Ij + 2A;2 + • • • skg = s. 

Let us first establish a general useful estimate. We set for any fonction G{x, v) 

Jp{G){x,v) = Jp,s,p,k{G) 

s,l3,K 
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with K = {ko, • • • , kg) and 

Jp,s,^,K{G)ix, V) = P’:%U)P^^l^{dU) • • • p5(9^C/)5^G 

with (P^^^(X))o<i<s polynomials of degree smaller than ki and the sum is taken over indices such 
that 

(4.22) |/3| = p — s, ko + ki + ■ ■ ■ kg < p/2, ki + 2 k2 + • • • skg = s,0<s<p — 2. 

Lemma 9. For 2m — 1 > p > 1, 2m > d + 3, 2r > d and s, p, K satisfying (I4.22p . we have the 
estimate 

(4.23) ||Jp(G)||^o<A(r,i?)(||G||^P+ \\d^Ud-G\\no). 

Z>2m-|-2, 

Z+|q!|<P, |«|>2 

Proof of Lemma 0 For the terms in the sum such that s < 2m — | — 2, we can use (j4.4p to obtain 
that 

\\Jp,g,0,K{G)\\HO < MT,R)\\G\\Hr. 

When s > 2m — | — 2, we first consider the terms for which in the sequence {ki, ■ ■ ■ kg) the biggest 
index I for which ki ^ 0 is such that I < 2m — ^ — 2. Then again thanks to (|4.4I) . we obtain that 

\\Jp,s,fi,K{G)\\HO < A{T,R)\\G\\nr. 

When I > 2m — | — 2, we first observe that we necessarily have ki = 1. Indeed if ki > 2, because 
of ()4.22p . we must have ^ < f • This is possible only if 2m — ^ — 2 < 2^ < that is to say 

m < I + 1 and hence this is impossible. Consequently fc; = 1. Moreover we note that for the other 
indices I for which kj ^ 0, because of (|4.22l) . we must have Ikj < s — Iki, so that 

- , d d 

l<s — l<s — 2m H-\-2 < -1 

“ “ 2 2 

and we observe that | — 1 < 2m — | — 2. Consequently, by another use of (|4.4p . we obtain that 
\\Jp,s,f^,K{G)\\H0<A{T,R) Wd^Ud^GWno. 

l>2m-^-2, 

Z+|q!|<P, |o|>2 

The fact that |a| > 2 comes from (I4.22p . This ends the proof of Lemma O □ 

We shall now estimate Fi^k- Let us start with the case where k > m/2. Looking at the expansion 
of given by (I4.20D . we have to estimate terms under the form J 2 p{Gk) for 2p < 2{m — k) < m. 

We can thus use Lemma 0 Moreover, we observe that in the right hand side of (14.231) . we have 
that I < 2(m — k) — 2 < m — 2, consequently, by assumption on m, we have I < 2m — | — 2 and 
hence we can estimate ||9 ^C/||loo by using (14.4p . This yields 

\\Fi,k II < A(r, R)\\Gk ||.^ 2 {m-fc), k>m/2 . 

Next, we use (|3.2I) with s = 2(m — k) and sq = 2m — 3 (> d), and the definition of Gk in (I4.19P to 
estimate the above right hand side. Since d + 2 < 2m — 1 by assumption on m and 2(m — A:) + 2 < 
2m — 1 (since A: > 2), we obtain 

(4.24) ||Fi,,||^o < A(r,i?)(||F;||^2^-i||v,L^-Vll^w + ||l;|Ih2 (--.)+2 ||v,l'=-V||^2 (^-.)) 

< A(r, R)\\E\\H2m-l II v,l"-VIL2 (^-.) . 

iLr 
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By using again (I3.12p . this yields 

11-^1,fcllL2([o,r],HO) < 

To estimate the above right hand side, we need to estimate d'i,vL^~^f with jyl < 2m — 2k + l. By 
taking derivatives using the expression (14.201) . we see that we have to estimate terms under the 
form Jp{f) with p < 2m — 1. Using Lemma [9l we thus obtain that 

11-^1,fc||L2([0,r],HO) < A(r, ii)^||/||^oo([o^'r],Hr’""^) X/ ll^^^^“/llL°°([0,r],HO)) • 

l>2m-^-2, 

l+\a\<2m-l,\a\>2 

To estimate the right hand side, since |a| > 2 and |a| — 2 + / < 2m — 3, we can use (I3.4p . to obtain 
that 

lia'c/(i + < i|t/|i„>„-,||(i + ivfyd^fWL- + ii(/|Il»ii/ii„.»-.. 

By using again (14.51) . (14.4p and the Sobolev embedding, we finally obtain that 

(4.25) ll-^i,A:< A(r, i?)||/||^oo(|-o^7’]^f^2m-ij < A(r, i?), k > m/2. 

It remains to handle the case k < m/2. Again, by using p4.19p and the expansion p4.20p . we first 
have to estimate terms under the form J 2 (m.-k){Gk)- By using again Lemma [9l we first obtain 

11-^1,fcllL2([0,r],HO) - ^(^’'^)(ll^fcllL2([o^'r],H?^"*“''') X] ll^^^'9“G'fc|lL2([0,T],HO))- 

l>2m-^-2, 
l+\a\<2{m—k), |q !|>2 

By using the expression in (I4.19P for G^, we have to estimate terms under the form 

Wd^ud^d^Ed^v^L'^-^fWno 

with I > 2m — ^ — 2 and ? + |/3| + jyl < 2(m — k). Note that this implies that |/3| < 2(m — k) — I < 
^ + 2 — 2k<^ — 2 since we have k > 2 (see (|4. 151) 1. In particular this yields |/3| + 2 + | < 2m — 2 
and thus by using again the Sobolev embedding (in x) and (I3.12p we obtain that 

\\d^Ud<^d^Ed^V,L^-^f\\no < \\p\\H2m-i\\d^Ud^V,L’^-^f\\no 

< 11/11^2^-1 lia't/a^V.L^-VllHO 

< A(T,i?)||5'U5^V,L"-V||H0. 

Thus it remains to estimate for I > 2m — | — 2 and ^ + I7I < 2(m — k). By 

using again (l4.2Up . we can expand f as an expression under the form J 2 k+\'y\-i{f)■ Since 

we have that 2/c + I7I — 1 < 1 + ^ < 2m — ^ — 2, we can use p4.4p again to estimate all the terms 
involving U and its derivatives in in L°°, this yields 

||5^U5^V,L"-V|Iho < KT,R)Y,\\d^Udy\\^o 

7 

with I7I < I7I + 2A: — 1 and thus Z + I7I < 2m — 1 and I7I > 2 (since k > 2). Consequently, by using 
again (13.41) . we obtain that 

lia't/aT'v.L^-i/llHO < A(r,i?) 11/11^2^-1 +11(1 + |u|2)'-52/IIl- 

and we conclude finally by using (|4.4p . (|4.5p and the Sobolev embedding that 

(4.26) ||Fi_fc||i2([o,r],HO) < A(T, i?), k<m/2 
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(actually for this case we even have a slightly better L°° in time estimate). Looking at (I4.25p . 
(I4.26p . we have thus proven that 

(4-27) 11-^1 IIl2([o,t],wo) <A{T,R). 

Estimate of F 2 . We shall now turn to the study of F 2 . By using (14.201) again, we can expand 
under the form 

F 2 = C + ^ J2m-z{dl{d^E • V,/)) 

|e| = l 

with 


c = (^Qi^ 


E ■ V. 


,/) - • VJ = ■ d^E. 


where a{i,j) has length 2m — 2. Note that this time, we have really used that in the expansion 
(I4.20p . the terms in the sum always involve at least one v derivative. By using Lemma [9l we get 
that 


\\J2m-3md^E ■ VJ))\\no < AiT,R)[md^E ■ V,/)||^2^-3 


+ 


E 


\\SfUSPlf„{d^E-V„f)\\ni 




l+\a\<2m-3, |o|>2 

To estimate the first term, we can use (j3.2p and (I3.12p to obtain that 

and hence we can take the norm in time and use (j3.12p to obtain that 

(4.28) imO^E ■ V,/)||^2([o,r],H^-3) < MT,R). 

To estimate the terms in the sum, we use again (13.4p . (j4.4p and the Sobolev embedding to write 
\\d^Ud^d,id^E • V ,/)||^0 < \\U\\l^ \\d,{d^E • V,/)||^2^-3 + 11(1 + \v\yd^Ed^J\\L^JU\\^2rn-3 

< A{T,R)\\d^{d‘^E ■V^f)\L2m-3 + A{T,R)\\d‘^E\\Loo. 

^2r 

Therefore, we get from (I3.12p and the Sobolev embedding in x a bound by 

(1 + ||9„(cl E ■ V„/)|| ^2QQ 7^] -^2m-3pA(T, R). 

By using (I4.28P (which is still true with r changed into 2r), we hnally obtain that 

(4.29) \\J2m-3{dv{d^E ■ V,/))||i 2 ([ 0 ,T],w 0 ) < A{T,R). 

It remains to estimate C. By expanding the commutator, we have to estimate terms of the form 
11(1 + |up)^9f V^/ • d2d‘^E\\i2 ^ with 1/3| + I 7 I < 2m - 2, /3 7 ^ 0. If I 7 I + 2 + | < 2m - 1, by using 
Sobolev embedding in x and (|3.12l) . we obtain 

11(1 + |u|2)i9fv,/ • a252E||^2([o,T],Li,j < A(T,i?)||/||^^(p^^,^^ 2 ^-i) < A{T,R). 

Otherwise, since \I3\ + 1 + ^ < 2 + d < 2m — 1 and I 7 I + 2 < 2m — 1, we get that 


11(1 +|up)2 5^V^/.5252E||i2([o,T],L2,j <supsupf / |(l + |up )2 9fv„/p(iuj"||E||^2([o^yj 


[0,T] X 

< A(r, R). 


i TJ^ 

. i-tix 


I|C||l2([o,t],+o) <A{T,R). 
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We have thus obtained that 




















By collecting the last estimate and (14.291) . we actually get that 
(4-30) 11-^2||L2([o_r]^'^o) <A{T,R). 

This ends the proof of (14.lip . 

Estimate of F 3 and F 4 . By using similar arguments, we also obtain that 
(4-31) \\P3\\l^{[o,t],h°) + II-^4||l2([o,t],'HO) < A{T,R). 

□ 


4.2. Straightening the transport vector field. We shall now study the equation (j4.9p and try 
to get an estimate of fij dv which, in view of (14.71) . can be used to estimate d'^'^p. The next step 
consists in using a change of variables in order to straighten the transport vector field and more 
precisely to come down from the full transport operator T to a twisted free transport operator of 
the form 

dt + ^{t,x,v) ■ V^. 

This is the purpose of the following lemma. 

Lemma 10. Let fij be a smooth function satisfying the equation dM]). Consider ^{t,x,v) a 
smooth solution to the Burgers equation 

(4.32) + $ • Va,4> = E. 
such that the Jacobian matrix (V^4>) is invertible. Then defining 

(4.33) gij{t,x,v) := fij{t,x,^), 
we obtain that gij satisfies the equation 

(4.34) ^tg^,j + $ • • (V,/)(t, x, 4>) = F{t, x, 4>). 

Proof of Lemma [7^ This follows from a direct computation. We can check that 

dtPij + $ • y.gpj + • (V,/)(t, X, $) 

= F{t, X, 4>) + *(V,4>)-iV,(7*,i • {dt^ + $ • V,4> - F) . 

This yields (|4.34l) . because of (I4.32p . □ 


We shall now establish Sobolev estimates for the solutions of the Burgers equation ()4.32p . Choos¬ 
ing the initial condition $|i=o = v, we will obtain a control on the deviation from v in Sobolev 
norms and in particular, observe that $(t,x,u) remains close to v for small enough times. 


Lemma 11. Assuming that 2m > 3 + d, there exists Tq = Tq{R) > 0 independent of £ such that 
for every T < min(ro, Tq, T^), there is a unique smooth solution on [0,T] of (I4.32p together with 
the initial condition 4>|j=o = v. 

Moreover, we have the following uniform estimates for every T < min(ro, Tq, T*^) 


(4.35) 


sup ||4> — v\\„,k,cx> + sup 
[o,r] [o,T] 


1 




(1 + | u | 2)2 


< T2A{T, R), 


T XT' fc — 1 j 4 


k < 2m — d/2 — 1 . 


Furthermore, we also have that for every |q;| < 2m — 1 and |/3| < 2m — 2, 


(4.36) 


sup sup||d“„($ 
[o,T] y 


v)\\lI+ sup sup 
[o,r] y 


(1 + | x | 2)2 




< T^A{T, R). 
Li 
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Proof of Lemma [711 Let us set (/> = $ — u. We observe that (f solves 

dt4> + {v + f))- = E 

with zero initial data. For any a € N'^, applying 5“ to the equation, we get that 
satisfies 

(4.37) dtd^P + V • = d^E-[ ^ - [9“, u] • V^cf. 

/3 + 7 <q: 

Let us set Mk{T) = supjQ j’] ||(?i>||^fc.oo. Using L°° estimates for the transport operator, we obtain 
from (14.371) that 

Mk{T) < T{1 + Mk{T))Mk{T) + [ \\E\\y^.k.^ dt. 

Jo 

Since A: + | < 2 m — 1, we get by Sobolev embedding in the x variable and (13.121) that 

Mk{T) < T{1 + Mk{T))Mk{T) + T^R. 

Consequently, for Tq sufficiently small depending only on R, we obtain that 

Mk{T)<Tlk{T,R). 

This proves the first part of (14.351) . For the estimate on the time derivative, it suffices to use the 
equation (I4.32P and the estimate we have just obtained. 

It remains to prove (14.361) . We proceed by energy estimates. Using (I4.37P for |a| < 2m — 1, 
multiplying by d'^cj) and integrating in x, we obtain from a standard energy estimate {v being only 
a parameter for the moment) 

4||8"<^||L|<(l + ||8,^,||i») ^ ||8“,^||i| + ||£||„.„-. + ||C|U| 


|a|<2m-l 


where C is the commutator term 


C = 




/3 + 7<q: 

-i^a 


Let us set 


Q2m-i{T,4>) = sup sup E 11^' 


[0,T] 


\Ll 


\a\<2m—l 


We can then integrate in time and take the sup in time and v to obtain that 


Q2m-l{T, P) < Q2m-l{T, cf) (^T + 


\L^,dt + 


L^Ll dt + Ta \\p\\L^([o^T],m^) 


where the last term comes from another use of p3.12|) . From (j4.35p . we already have that 

<r5A(r,fi), 

thus it only remains to estimate the commutator term C. For the terms in the sum such that 
|/3| < 2m — I — 1, we can use (j4.35p and the fact that Iqj < |a| to obtain that 

\\ddp . < T^kiT,R)Q2m-i{T,cP). 

In a similar way, when |/3| > 2m — ^ — 1, we observe that 1 + jyl < ^ < 2m ~ ~ 1 consequently, 

by using again p4.35p . we also obtain that 

\\ddp ■ < T-2A{T,R)Q2m-i{T,cP)- 
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This yields 


\\C\\L^Ll<T"^HT,R)Q2m-l{T,ct>) 

and hence that 

Q2m-i(r» < {T + TiK{T,R))Q2m-i{T,<t>)+T2R. 

By taking Tq small enough (depending on R only), we finally obtain that 

Q2m-i(r,0)<TU(r,ii) 

and hence the first part of (I4.36P is proven. Again the estimate on the time derivative follows by 
using the equation (j4.32l) and the previous estimates. 

□ 

By a change of variable, we can then easily relate the average in v of fij to a weighted average 
of 9i,j ■ 

Lemma 12. We have 

(4.38) [ gijJdv = + 7^, 

where J{t,x,v) := | det V^<h(t, x, u)| and TZ still satisfies the estimate (14.81) . 


5. Proof of Theorem [TJ estimate of \\ p \\ L ‘^([ Q ^ t ], H '^^) by using the Penrose stability 

CONDITION 


Following the reduction of the previous section (from which we keep the same notations), we 
shall now study the system of equations 

(5.1) + $ • V^g^j + • (V,/)(t, x, 4>) + A4ij(t,x, 4>)^ = Sij, 

with Q = {gi^j) and Sij{t,x,v) = Fij{t,x,^{t,x,v)). Note that the equations of this system are 
coupled only through the zero order terms A4ij{t, x, ^)G- 

Let us introduce the characteristic flow X{t, s, x,v), 0 < s,t < T 

(5.2) dtX{t,s,x,v) = ^{t,X{t,s,x,v),v), X{s, s,x,v) = x. 

Note that the velocity variable is only a parameter in this ODE. 

We start with estimating the deviation from free transport (that corresponds to the case ^ = v). 

Lemma 13. For every t, s,0<s<t<T and T, m, r as in Lemma m we can write 

(5.3) A"(t, s,x,v) = X + {t — s) (^v + X{t, s, x, x)^ 


with X that satisfies the estimate 


(5.4) 


sup 

t,s£[0,T] 


dZv^it,s,x,v) 


\L^v + 


(1 + |xP )2 


■d^ dtX{t,s,x,v] 


< T2A{T, R). 


for every |a| < 2 m — d/2 — 1, |/3| < 2 m — d/2 — 2. 

Moreover, there exists Tq{R) > 0 sufficiently small such that for every T < min(ro, Tq,Tq, T*^), 
we have that x eA x + (t — s)X{t, s, x, v) is a diffeomorphism and that 


(5.5) 


sup sup (||(9"^A(t,s, x,x) 11^2 + 
t,sG[0,T] V ^ 


(1 + |xp )2 




Ll 


22 


) < T^A{T,R) 
















for every |a| < 2m —1, \j3\ < 2m —2. In addition, there exists ^{t,s,x,v) such that fort, s G [0,T] 
and T < min(To, Tq, Tq, we have 

X{t, s, X, 'l/(t, s, X, v)) = X + {t — s)v 


and the following estimates 

sup + 

t,se[o,T] ^ 


(1 + \ v \‘^)2 




) <tIk{t,r), 


(5.6) 


\a\ < 2m — d/2 — 1, |/3| < 2m 


sup sup(||(9“ 5,3:, u)-u) 11^2 + -- ^-—^d^dt^{t,s,x,v) \<T 2 K{T,R), 

.crn'Tl V \ ^ 


t,sG[0,T] V 


\a\ < 2m — 1, |/3| < 2m — 2. 


Proof of Lemma fTl Let us set — u as in the proof of Lemma [H] and Y{t, s, x,v) = 

X{t, s,x,v) — X — {t — s)v. We shall hrst estimate Y. Since we have 

(5.7) 


Y{t,s,x,v) = J (j){T,x + (t — s)v+ Y(t,s,x,v),v) dr, 
we deduce from the estimates of Lemma fTTl that for \a\ < 2m — ^ — 1, we have for 0 < s, t < T, 


sup I|5 “^>"(Ls)I|l-„ < 


T2K{T,R){1 + sup ||a“,F(r,5)||L^J dr 

\a\<2m—^ — l 


From the Gronwall inequality, this yields 


(5.8) 


sup 

\a\<2m—^ — l 


,Y{t,s)\\L^^ < \t-s\T-^A{T,R). 


Consequently, we can set X(t, s,x,v) = Y{t,s,x,v)/{t — s) and deduce from the above estimate 
that X verifies the hrst part of (15.4p . To estimate the time derivative, we go back to (j5.7l) . We use 
a Taylor expansion to write 


(^T,x + (t — s)(v + X(t, s,x,v)),v 

= 4>{s, X, v) + {t - s) [ 4>i{t, s, X, v) + (/> 2 (r, s, x, v) ■ {v + X{t, s, x, v 

where 


(5.9) 


4>i{t,s,x,v) = / dt(p{{l — cr)s + aT,x,v))da, 

Jo 

(p 2 {T,s,x,v) = / Dx(t){T,x + a{T - s){v + X{T,s,x,v)),v)da. 

Jo 

By using (15.7p . we thus obtain that 

1 /■* 

X{t, s,x,v) = 4>{s,x,v) -\ -/ (r — s)Yi(r, 5, 3 ;, u) dr 

t-s Js 

with 

(5.10) yi(T, s, X, v) = (^(f)i{T, s, X, v) + 4>2{t, s, X, v) ■ {v + X{t, s, X, u))^ dr 
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and thus that 


1 


(5.11) 


dtX{t,s,x,v) = - 


{t - s)‘ 


r< 


T — s)li(r, s, X, v) dr + Yi{t, s, x, v). 


By using (15.81) . (14.351) with the same arguments as above, we get that for |/3| < 2m — | — 2, the 
following estimate holds: 


(1 + |nP) 2 


d^,vYi{T,s,x,v) 


< T2A{T, R). 


This yields 

We now turn to the proof of the estimate (|5.5p . Note that from the estimate (|5.8p on Y, we can 
also ensure that for Tq (that depends only on R) sufficiently small, the map x y = x + Y{t, s, x,v) 
is a diffeomorphism with Jacobian | det Dxy\ such that ^ < | det Dxy\ < 2. 

We shall next prove the estimate (15.5p . Let us set M 2 m-i (L s) = sup„ sup|^|< 2 m- _,\\d-,Y{t,s)h2. 
It will be also convenient to introduce the function g{t, s, x, v) = {x + {t — s)v + Y {t, s, x, v),v) so 
that ^(t, X + (t — s)v + Y{t, s, x, v),v) = 4>{t) o g(t, s). Prom (j5.7p . we thus obtain that 

rt 


\vyit,s)\\L^L2 < o g{T, s) • (d^l^g{T,s),--- ,d^%g{T,s)^ 




L°°L2 


dr 


where the sum is taken on indices such that k < |a| < 2 m — 1 , /3i + • • • + /3fc = |q;| with for every j , 
|/3j| > 1 and |/3i| < \h\ < ■ < \Pk\- 

To estimate the right hand side, we first observe that in the sum, if A: > 2, we necessarily have 
|/3fe_i| < 2m — I — 1. Indeed, otherwise, there holds |/3i | + • • • + |/3fc| > 4m — d — 2 and thus 
2m — 1 > 4m — d — 2 which yields 2m < d + 1 and thus is impossible by assumption on m. Next, 
• if k < 2 m ~ ~ 1 and k > 2 we can write thanks to the above observation, Lemma [TTl and 

()5.8p that 


{Dx,v4>{t)) o g{T, s) ■ (d^%g{r, s), • • • , d^%g{T, s)^ 


< D 


< T 2 A{T, i?)(l + M 2 m-l{T, s)). 


If A: = 1, the above estimate is obviously still valid. 

• if A: > 2m — | — 1, we observe that for every j , |/3j| < |/3fc| < 2m — 1 — (A: — 1) < 1 + f. Thus 
\f3j\ < 2m — I — 1 by the assumption on m and we get by using (15.8p that 

I|5&5(t,s)||l- < i + r+||5&y(r,s)iu- < A(r,i^^ 


This yields 


iDx,v<P{'r))o9{r,s) ■ (d^lv9iT,s),--- ,d^'^^g{T,s)'\ < (L>^ 0(t)) o ^(t, s) A{T,R) 


<T-2A{T,R). 


To get the last estimate, we have used that thanks to the choice of Tq, we can use the 
change of variable y = x + Y{t,s,x, v) when computing the norm of (ZI^ „0 (t)) o g[T, s) 
and the estimates of Lemma [TTJ 
By combining the above estimates, we obtain that 

1 R 1 

M 2 m-i{t, s) <{t- s)T 2 A(r, R)+ T2 A(r, R)M2m-i {t, s) dr. 

J S 
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By using again the Gronwall inequality, we thus obtain that 

M2m-i{t,s) < {t - s)T2A{T,R) 

and thus by using that X{t, s,x,v) = Y{t,s,x,v)/{t — s), we hnally obtain (15.51) . To estimate the 
time derivative, it suffices to combine the above arguments with the expression ()5.1ip for dtX. 

To construct T, it suffices to notice that the map v v + X{t, s,x, v) is for T sufficiently small 
a Lipschitz small perturbation of the identity and hence an homeomorphism on We can dehne 
T as its inverse. The claimed regularity follows easily by using the same composition estimates as 
above and the regularity of X. □ 

Dehne now the tensor Xi by the formula = XiijH for all i, j G {1, • • • , d}^ (with Xiij 

dehned in dd.lOp ') and for 0 < s, t < T, X G T'^, V G R'^, introduce the matrix Tl{t, s, X, v) as the 
solution of 


(5.12) dt^X{t,s,x,v) = —Xi{t,x,^{t,x,v))Tl{t,s,x,v), Tl{s,s,x,v) = I. 

Note that by a straightforward Gronwall type argument and ()4.4p - (l4.35p . we have 

< A(T, R), k<2m-dl2- 2. 


(5.13) sup 

0<s,t<T 


We shall now show that the study of (15.ip can be reduced to that of a system of integral equations 
with a well controlled remainder. 


Lemma 14. For a smooth vector field G{t, s, x, v), define the following integral operators Kq acting 
on functions F(t,x): 


KG{F){t,x) = J J {XxF){s,x — {t — s)v) ■ G{t,s,x,v) dvds. 

For f solving o and p = f f dv, the function satisfies an equation under the form 

(5-14) = 

k,l 


with 


(5.15) := 911(fc,z),(ij)(t,s,x - {t - s)u, T(s,t,x,u))(V„/)(s,x - {t - s)u, T(s, t, x, u)) 

I det V^4>(t, X, 'I'(s, t, X, u))||detV^'I'(s, t, x, u)|, 

and the remainder TZij satisfies for T < min(To, Tq, Tq, T^) and 2m >4 + 3, 2r > d the estimate 

(5-16) ll^i,jllL2([o,r],L|) ^T2A{T,R). 

Proof of Lemma 14-■ Let us introduce for notational brevity 

V{t,x,v) := (d^^^’^'>E{t,x) ■Vyf{s,x,^{t,x,v))'j_. 

Using the classical characteristics method, we get that G satisfying (|5.ip solves the integral equation 

G{t, X, v) = Tl{t, 0, X, v)G^{X{0, t, X, v),v) — f 9Jt(t, s, x, u)5(s, X(s, t, x, v),v) ds 

Jo 

— / dJl{t,s,x,v)rj{s,X{s,t,x,v),v)ds 

Jo 


25 









with = {9ij)- Hence, after multiplying by J{t,x,v) = | det x, n)| and integrating in v, we 

get that 

(5.17) / Q{t,x,v)J{t,x,v)dv = Iq+If — / Tl{t,s,x,v)ri{s,X{s,t,x,v),v)J{t,x,v) dvds 

jRd Jo 

with 

Iq := / Tl{t,0,x,v)Q^{X{0,t,x,v),v)J{t,x,v) dv, 


If:=- 


n Wl{t, s, X , v)S{s, X{s, t, X , v),v)J{t, X , v) dvds. 

'A 


We shall estimate Iq and Zf- First by using the estimates ()5.13l) and ()4.35p . it follows that for all 

X G 

I Tl{t,0,x,v)g^{XiO,t,x,v),v)Jit,x,v)dv <AiT,R)J2 J \9lj{XiO,t,x,v),v)\dv. 


Therefore, we obtain that 

112:0 


L ^{[ 0 , T ], LI ) < [ \\9lj{X{0,t,-,v),v)\\L2dv 


L2(o,r) 


By using the change of variable in x, ?/ = X(0,t,x,n) +tv = x — tX{0,t^ x,v) and Lemma [T^ we 
obtain that 

and hence, we get from Cauchy-Schwarz that 


1 12 : 0 11 1,2 ([o,T],Li) < T2A{t,r) (1 + ^ yljWuo- 

'^■>3 

By using again Lemma [TT] and the fact that at t = 0 we have that we get that 

hljWu^ < A(r,i?)l|/°^.l|^o < A{T, R)\\f\\^ 2 m and hence we finally obtain that 

l|2:o||L2([o,r],L2) <T2A(T,R). 

By using similar arguments, we can estimate Zf- Indeed, we can use successively (I5.13p . the 
change of variable x 1 —^ X{s,t,x,v) with Lemma [13] and Cauchy-Schwarz to obtain that 


I|2:f||l2([o,t],l2) < [ [ \\Sij{s,X{s,t,-,v),v)\\L2 dvds 

Xj 

<A{T,R)'XX [ [ \\Ri,j{s,-,v)\\Lldvds 
Jo JR'i 


L2(0,T) 


L2(0,T) 


< A(r, R) 


ll‘5(s)|lwo ds 


L2(o,r) 


< A(T, R) T ||<S||j;^2([o^'r],'HO)- 

Finally, since S(t,x,v) = F{t,x,^{t,x,v)), we can use Lemma fTTl and p4.11l) to obtain that 

II‘5||l2([0,t],w0) < A(r, ii)||F||i2([o,T],wo) < A{T,R). 

We have thus proven that 

I|2:f||l2([0,t],l2) <TA{T,R). 
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By using Lemma [T^ we eventually obtain from (I5.17P and the above estimates that 


■^0 k,l 

■ {S/yf) {{s,X{s, t, x,v),^{s, X{s, t, X, v),v)) J(t, X, v) dvds 

with 

(5-18) ll^i,illL2([o,r],L2) ^T^A{T,R). 

Thanks to Lemma m we can use the change of variable v = x,w) (and relabel w by v) to 

end up with the integral equation 


(5.19) 


with 



{t- s)v) ■ (i {t,s,x,v) dvds + TZq 


(5.20) = Tl(^k,i),{i,j){t,s,x,'i{s,t,x,v)){Xyf){s,x- {t - s)v,'l>{s,t,x,v)) 

Jit, x, 'I'(s, t, x,v))J{s, t, X, v), 

and J{s,t,x,v) = | det V^'I'(s, t, x, u)|, which, recalling the definition of the electric held E = 
—V(/ — e‘^A)~^p, corresponds to the claimed formula (I5.14p . 

□ 


We shall now study the boundedness of the operators Kq for functions in L^([0, T], L^). Although 
Kg seems to feature a loss of one derivative in x, we shall see that if the function G is sufficiently 
smooth, then Kq is actually a bounded operator on L^([0, T], L^). This means that we can recover 
the apparent loss of derivative by using the averaging in v, which is reminiscent of averaging lemmas 
(note that we nevertheless require regularity on G). 

Proposition 1. There exists C > 0 such that for every T > 0 and every G with 
(5.21) := sup sup sup ((1 + |fe|)*2 (1 + |^|)*i |(J’a,,^G)(L s, fc, 0l) 

0<t<T 0<S<T 5 ^ ^ 

and Si > 1, S 2 > djl, then we have the estimate 

II^G(i")||L2([0,T],L2) < C||G||r,.i,.,||F||L2([0,T],L2), VT e L\[0,T],Ll). 

Remark 3. For practical use, it is convenient to relate ||G'||'r,si,s 2 ® more tractable norm. A 

first way to do it is to observe that if p > 1 + d, a > d/2, we can find S 2 > d/2, si > 1 such that 

((1 + |fc|)»(i + |{|)'‘l(^.,.o)((,«,fc.0l)" < (i + (t|)2,. IIQ(*.»)lfe 

and thus we obtain that 

I|G||t,5i,S 2 ^ sup ||G(t,s)||^P. 

0<s,t<T 

Note that this requires roughly 1 + d derivatives of the function G. In the following, we shall 
need only the above Proposition in the following two cases for which we can reduce the number of 
derivatives needed on the function G. 
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• If G{t, s,x,v) = G{t,x,v) is independent of s, then we have thanks to the Bessel-Parseval 
identity that 

(5-22) ||G'||t,si,s 2 < sup ||G(t)||^P 

0<t<T 

for any integer p such that p > 1 + ^ and any a, a > ^. 

• If G{t, t, X, v) = 0, since 


((l + |A:|r)(l + |eir 

' ((l + |A:|)^ 2 (l + |^|)*i \IF^AdsG){t,T,kA)\f dr 


< T 

< T 


((1 + |fc|r=(l + A^AdsG)it,T,k,0\f dr 


we obtain, by using again the Bessel-Parseval identity that 


\\G\\t,si,s2 <T 2 sup / \\dsG{t,s)\\A ds 

0<t<T \Jo 


and hence that 


(5.23) ||G||t, 6 i ,62 < r sup sup ||55G(t,s)||.^P 

0<t<T 0<s<t 

with p > 1 + ^ and u > |. 

Proof of PropositionU^ By using Fourier series in x, we can write that 

F{t,x) = Y,Fk{t)e^’^'^. 
fcez 

This yields 

(5.24) KGF{t,x)= [ 'VFk{s)F''''^ik- [ e-^’^'^d-^'>G{t,s,x,v) dv ds 

Jo J 

(5.25) = f Fk{s)e^^'^ik ■ {F^G){t, s, x, k{t — s)) ds 

do k 

where FvG stands for the Fourier transform of G{t, s, x, v) with respect to the last variable. Next, 
expanding also G in Fonrier series in the x variable, we get that 

KgFA x) = Y^ E r • iJ^-,vG){t, s, I, k{t - s)) ds. 

k i do 

Changing I into / + A: in the second sum, we can also write this expression as 

KgFA x) = J2 ( E r • idF-.-G){t, s,l-k, k{t - s)) ds ). 

i k do 

From the Bessel-Parseval identity, this yields 







By using Cauchy-Schwarz in time and k, we next obtain that 


I k 


Ffc(s)p \k ■ {Tx,vG){t,s,l - k,k{t 


s))| ds 


• V f\k-{T,^,G){ks,l 

k 


k, k{t — s))| ds'j . 


By integrating in time, this yields 

rT rt 


(5.26) \\Kg\\12^io^t],lI) / X] 


I JO JO ^ 


sup sup / / Jk ■ {Tx,vG){t, s,l — k, k{t — s))| ds. < I ■ II. 

I tG[0,T] Jo ^ 


For the second term in the above product that is II, we observe that 

sup sup / / ^\k ■ {J^x,vG){t, s,l — k, k{t — s))| ds 
I te[o,T] Jo ^ 


< 


sup sup sup sup(l + -/c,^)| f 

I telO.T]^ ^0<s<t £ Jo 


\k\ 


te[o,r]“ '^o<s<t £ 
and by choosing si > 1, since 

\k\ 


0 (l + l^l(t-s)^ 




/ 


lo (1 + \k\it - s)|)^i 
is independent of A:, we obtain 

r 

=[o,r] 


ds < 


r+oc 2 

Jo (1 + 


r^i) 


dr < +00 


sup sup / y Jk ■ {J'x,vG){t, s,l — k, k{t — s))| ds 
I tG[o,ri Jo u 


< sup sup V sup sup{l + \C\Y'^\{T,^,vG){t,s,l - k,C)\. 

I t€[0,T]^ 0<s<t £ 


Next, by choosing S 2 > d/2 and by using Cauchy-Schwarz, this finally yields 
(5.27) II < sup f sup supf(l-b |fc|)^^(l-F |C|)^^|(J^ 3 ;,t,G)(t, s,fc, 

tG[o,r] ^ 

It remains to estimate I in the right-hand side of (|5.26l) . By using Fubini, we have 

E r [' y^\Fk{s)\^ \k ■ iJ^x,vG)it,s,l - k,k{t - s))\dsdt 

I JO Jo ^ 

= [ ^\Fkis)\^ [ ^\k\\iF,^,G){t,s,l-k,k{t-s))\dtds 
JO k J^ i 

rT 

^ ll•^lli 2 ([o,T],L 2 ) sup sup / '^\k\\{F^^^G){t,s,l-k,k{t-s))\dt. 

^ k 0<s<tJs ^ 


29 







Next, by choosing si > 1 and S 2 > dj2 as above, we observe that 
f-T 

sup sup / \k\\{J^x,vG){t,s,l — k,k{t — s))\dt 

k o<s<tJs I 

<sup sup [ - —J2^M^ + \^\y"\{d^x,vG){t,s,l-k,()\dt 

k o<s<tJs [^ + \k\ii - s)y^ ^ g 

rT 


< sup sup 




\k\ dt 


k\<s<TJs {i + \k\it-s)y^ 

X sup sup ( Vsup ((1 + |m|)'*2(l + |^|)^i|(7-^„G)(t,s,m,C)|) 

0<s<Ts<t<T\ f ^ ^ 


Since we have again 


sup sup 


\k\ dt 


k o<s<tJs (1 + 


f 


'+°o dr 

< I - -^— dr < + 00 , 


(1 +r) 


Si 


we have proven that 

~ ll^llL 2 (f 0 Tl L 2 ) sup sup ( Vsup ((1 + |m|)^ 2 ('x 


(5.28) 


< \\F 


lL 2 (foTlL 2 ) sup [ V sup sup((l + |m|)*2(l + |^|)^i|(jr^„G)(t,s,m,0l) 

VL > Ji XJ 1 ^^ V / 


0<t<T 0<S<t ^ 

We finally get the result by combining (j5.26p . (I5.28|) and (|5.27l) . 


□ 


We can then use Proposition [T] to simplify the system of equations (j5.14p for p in Lemma [HI 

Lemma 15. Assume 2m > mo and 2r > rg. For f solving o and p = J fdv, for every 
i,j G {1, • • • ,d}™', the function p satisfies an equation under the form 

(5.29) = Kv„/o((/ - e2A)-ia“(*’^)p) + R,j, 

where the remainder Rij satisfies 

(5-30) ll-^i,illL2([o,r],L2) <T^A{T,R). 

forT < mm{To,fo,fo,Ty. 

Proof of Lemma\15[ We keep the same notations as in Lemma [H] and in particular we use the 
expression (j5.20p . We can hrst write that 

(5-31) j), i^k,i) it,s,x,v) = ^k,i) it,t,x,v) + it,s,x,v) 

with 

(fc,;) (^>'^5 ® w) J), (fc,i) (L S, X, u) — (t, t, X, u). 

Since j) i'){t,t,x,v) = 0, we can use (|5.23l) in Remark [3] to get that 


\K 


wl 


^“^^’^V||l 2 ([ 0 ,t],L 2 ) < T sup \\dsF[l^,i^iAt,s)\\Hp\\p\\L^([o,T],H^^) 


with p = 1 + po {Po being defined in (ll.8p l and a such that cr > ^ and 1 + cr < 2r. We thus have 
to estimate sup^^^ • 
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Note that, by assumption on m, we have that p + 2 < 2m — We use again the notation 

J{t,x,v) = I det(V^$(t, X, u))|, J{s,t,x,v) = | det(V^'I'(s, t, x, u))|. 

According to (I5.13D . (|5.6p . (|4.35p . we can always put the terms involving 201, 'h, J, J and their 
derivatives in L°°, except when all the derivatives hit J or J. Note that due to the expression 
(I5.20p . to compute dsH^, we need the derivative of 'h and 201 with respect to their first argument 
so that we actually need estimates of in view of our previous notation. This yields 


■p+i 


(5.32) < A(r,ii)(||5iV./||^P + ||(1 + |u|2)lv,/ 

+ Y1 + Nvfis,x- {t-s)v,'i’)\\d^^^dsJ\ y 

\a\=p 

Note that to obtain this estimate, we have used that integrals under the form 


/ = 


/ 


jd.xM.d' 


\g{x — v{t — s),0>{s, t, X, u))f (1 + |uf )”■ dxdv 


with n = (T or (T + 1 can be bounded by A{T, R)\\g\\‘ljo . Indeed, by setting, v w = 'l>{s,t,x,v) and 
by using Lemma [13] (in particular the fact that the Jacobian of the change of variable is bounded 
and the fact that {w — v\ is bounded), we get 

I<A{T,R) f \g{X{s,t,x,w),w)\‘^ (1 + dxdw. 

Next, we can use again Lemma [Island the change of variable x ^ y = X[s,t,x, w) to hnally obtain 

/<A(r,i?)||5||^o. 

Going back to (I5.32p . we observe that by using the equation (11.11) . we get that 


W^t'^vfW'H^ A (l + |u|^)2V^/ 


n 


< 
.p+i ~ 


ni 


since 2m > m^ implies that 2m > 4 + Pq. Also, by using again estimates, we have for |a| = p, 




|||V^/(s,x- {t - s)u,T)| |(5 “,,V^,J)(L-,T)|||.^o + |V„/(s,x - {t - s)u,T)| 

< A(T, R) ( III V,/(s, x-it- s)v, T)| |(5“,V2ck)(L -, T)|||^„ 

+ |||V,/(s,x-(t-s)u,T)||a“,a,V,T|||^o) 

and we estimate the above right-hand side by 


tT + 1 , 


A(r,ii)||(l + |u|^) —V,/|U- (||(5“,V^<I>)(t,-,T)||iooi| + 11(1 + 

Since 2m > 4 -|-p 0 ) the above expression can be again finally bounded by A{T,R) by using 
(|4.36p and the Sobolev embedding in x, u to estimate 
that 

and as a consequence, that this term can be included in the remainder. 


^oo . We have thus proven 


In view of ()5.3ip and the above estimate, since 
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the integral system (I5.14p reduces to 

= i^v„/(t) j(t) V + nl,) 

with IZ}- -N that satisfies 

We can further simplify this integral equation by writing 

V-^f{t,x,v)J{t,x,v) = Vyf^{x,v) + {Vvf{t,x,v) - Vyf^{x,v)) J{t,x,v)+Vyf°{x,v){J{t,x,v)-l). 
Let us set 

G{t,x,v) = [Vyf{t,x,v) - Vyf{x,v)) J{t,x,v) + Vyf^{x,v){J{t,x,v) - 1). 

By using Proposition [1] and (I5.22p in Remark [3l we obtain that 

||A'g(5"^*’'^V)IIl2([o,t],i,2 ) < (sup ||G'(t)||^p)||p||i, 2 ([o,r],H 2 -), 

[o,r] 

with p = 1 + po and a > 1 + a < 2r. From the definition of G, we find 

l|G(t)||Hg < l|V./(L-) - yvf\\Hi\\J{t)\\wv,^ + ||V,/(L-)|lwg||J(i) - llliyp.-. 

Since we have 1 + p < 2m — | — 1, 2 + p< 2m — 1, we obtain by using p4.35l) and the equation 
(11.11) that 

sup||G(t)||^P <A(r,R)(rsup||5t/||^P+r5) <TiA(r,R). 

[o,T] ^ [o,r] ' 

This ends the proof. 

□ 




< r2A(r, R). 


We therefore proceed with the study of the integral scalar equation 

(5.33) h{t,x) = Ky^fo{{I — e‘^A)~^h) + R{t,x), 0<t<T, 

where R is a given source term. It will be useful to introduce a positive parameter 7 (which will 
be chosen large enough but independent of e) and to set 

(5.34) h{t,x) = e^^h{t,x), R{t,x) = e^^TZ{t,x) 
so that (I5.33P becomes 

(5.35) h{t,x) = e-'^^K^^foie'^\l-s‘^A)-^h) + n{t,x), 0<t<T 

Without loss of generality, we can assume that TZ is equal to zero for t < 0 and for t > T and we 
shall also set h = 0 for all t < 0. Note that this does not affect the value of h on [0, T], This allows 
us to study the equation for t G M. Our aim is to prove that if the Penrose condition is satisfied by 
then we can estimate h in with respect to i? in 

One first key step is to relate to a pseudodifferential operator. 

Lemma 16. Let us set 

/■+00 

(5.36) a(x,C)= / ik ■ {Rv'^yf^){x,ks) ds, C = (Tj A ^) ^ (0;+ 00 ) x M x M'^\{0} 

Jo 

where again stands for the Fourier transform in the v variable. Then, we have that 

e-^*iLv„/o(e^‘h) = Op2(/i), Vh € 5 

with OpZ the quantification of a defined in Section 0 
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Note that as usual when dealing with pseudodifFerential calculus on the torus, we manipulate 
symbols defined in the whole space in the k variable, though they are only used for fc € in 
the quantization formula. 

Proof of Lemma [TR. Since /i is 0 in the past, we first note that 

= f f Vxh{s,x — {t — s)v) ■ V„/°(x, u) duds. 

J —OO J 

By using the Fourier transform in x and t, we can write that 

h{x,s)= [ e^^^-^+^^^h{k,T)dkdT 

with the convention that Z'^ is equipped with the discrete measure dk. This yields 

= / f ^-i^+ir){t-s) V„/°(x,u)duds)/i(A:,T)dA:dr 

dz'^xE ^J-oo J ^ 


' —OO 

rt 


— f ^i{k-x+Tt)k f g ('r+tT)(t A:(t — s)) ds')/i(A:,r) d/cdr. 

Jz^xR ^J-oo ' 

Changing variable in the inside integral, we finally obtain 

J.{k-x+Tt) 


= [ e^('^-^+^^>a{x,C)h{k,T)dkdT 

Jz^xl 


with 


as claimed. 


f+co 

{X, C) = / e-^'r+^r)s . (j;v,/0)(x, ks) ds 

Jo 


□ 


Note that a does not actually depend on the time variable t. We shall now prove that a defined 
above is a good zero order symbol. The symbol seminorms are defined in Section [8l see (jS.ip . (18.2p . 

Lemma 17. Consider a(x,C); the symbol defined in (|5.36l) with = ( 7 , r. A;) = (7,0; 7 > 0 and 
take a > d/2. Then we have that there exists Cm > 0 that depends only on M such that 

|a|M,o < M<2m-3, 

\a\M,i < CmII/° 11 ^ 272 ’ M < 2m - 4. 

Moreover, a is homogeneous of degree zero: 


a{x,C) = a ( X, 


Proof of Lemma IE Let us set G{x,ri) = {PyVyf^){x,ri) so that 

^+00 

a{x,C) = / ik ■ G{x,ks) ds. 

Jo 


and 


C = T, {C> = (7Mt2 + H;7’ 


Note that we have for a > d/2 and every a, /3, g, the estimate 

1 


(5.37) \{Pxd^d^G){l,rj)\< 


l + \n\i 


(1 + \vfr+^\{XxVxd^{I - X„)- 2 f){l, v)\^dv 
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By a change of variable s = s/{0 in the integral defining a, we also easily observe that a is 
homogeneous of degree zero 

a{x, C) = a 

Consequently, by using the definition of the symbol norms in the appendix, it suffices to prove that 

(5-38) ll-^x(9“o)(-,C)llL2(zd,L-(S+)) ^ II/°IIh 2-> l«l < 2m-3, 

(5-39) ll(•^x9“V^a)(•, |a| < 2m — 4. 

where S+= {C = ( 7 , f, k), {() = I, j > 0, k ^ 0}. 

Since we have 

^+00 

(7;5»(/, 0 = / ik ■ (j;5“)G(/, ks) ds, 

Jo 

by using (I5.37j) with q = 2, and /3 = 0, we obtain that 

mdy){ix)\<([ {i + \v\^rmv,d^{i-A,)f){i,v)\^dvy r^-J^—ds 
\jR‘i J Jo 1 + \k\^S^ 

< + \v\^r - A,)f){i,v)\^dv^" 

This yields by using the Bessel identity 

\\^xd^a\\L^(Z'i,L°°is+)) ~ ll/°ll^kl+3 

and hence (I5.38P is proven. Let us turn to the proof of (j5.39l) . To estimate d^d^a, we have to 
estimate the following two types of symbols 

/•+00 /*+oo 

/"(x,C)= / Cj • 9“G(x, fcs) ds, If(x,C)= / ks ■ d^d!^^G{x,ks) ds 

Jo Jo 

where ej is a unit vector and |/3i| < 1. For If, if \k\ > |, we can proceed in the same way with 
(j5.37p for (7 = 2, /3 = 0 and obtain 





il,C)\<([ il + \v\^rmV,d^{I-A,)f){l,v)\^dvy ^ ds 

\jR‘i J Jo 1 + |A;ps2 

(1 + \v\^r - A,)f){l,v)\^dv 


< 

rs_/ 


Note that for this argument, we use in a crucial way that \k\ is bounded from below. Otherwise 
since ( € S+, we have that | 7 p + |tP > | and consequently, we can integrate by parts in s in the 
integral to obtain that 

r+oc 

|-^x/l“(/,C)l<l(-^x5“G)(Z,0)|+ / fkWiT.d^Vr, G)il,ks)ds 

Jo 

and hence, by using again (I5.37P with q = 2, and |/3| = 1, we finally obtain that 

11-^ i^i\\L‘^{zd',L°°{s+)) ^ Il/°llw 2 m^, |a| < 2m — 3. 

To estimate If, we proceed as above: if |fc| > ^, we rely on (I5.37p with g = 3 and |/3| < 1, otherwise 
we use the same integration by parts argument together with (I5.37P with g = 2,3 and \ j3\ < 2. We 
obtain 


This ends the proof. 
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□ 


We can now use symbolic calculus to estimate the solution of the integral equation (15.351) . 

Proposition 2. Consider h the solution of (15.351) . assume that 2m > 4 + that 2r > 2 + | and 
that for every x G the profile f^{x,-) satisfies the cq Penrose stability eriterion. Then there 
exists A[||/°|| -^ 2 m ] such that for every 7 > A[||/°||.^ 2 m], we have the estimate 

Proof of Proposition [H By using Lemma [T 6 l we can write (I5.35P under the form 

h = Opl{{I - e^A)-^/!) + n = Oplfih) + n 

with the symbol C) defined by 

6 "(x,C) = a(x,C)Yq7^^. 

Note that this is exact since we are composing a pseudodifferential operator with a Fourier multiplier 
in the right order. Since a is homogeneous of degree zero in we have 

P{x,C) = b{x,£C), Hx,C) = a{xX)Y^J^ 

and thus Op'^^h = Op^f'^ is a semiclassical pseudodifferential operator as defined in the Appendix. 
We thus have to study the equation 

(5.40) Op^ff,{h) = 7^. 

Thanks to Lemma [T71 we have that h G S 2 m- 3 ,o Ll S 2 m- 4 ,i- Moreover, we observe that 

1 - b(x, 7 , r, k) = P( 7 , T, k, f{x, •)) 

and consequently, since satisfies the cq Penrose condition (|1.5p . we also get that c = G 
<S'2m-3,o n 5'2m-4,i- Consequently assuming that 2 m > 4 + |, we can find M > d /2 such that 
c G Sm,i and 1 — 6 G 5m+i,o and moreover, 

|c|m ,1 + |1 - ^|m + 1,0 ^ A[||/°||.^ 2 m]. 

Consequently, by applying Opc’^ to (j5.4np and by using Proposition [H we obtain that 
ll^llL2(KxTd) ^ “A[||/°||.^2m]||/l||^2(RxT‘') + A[||/°||'H2m]||7?.||i2(RxT‘^)- 
The result follows by choosing 7 sufficiently large. □ 

As a Corollary, we get an estimate for the solution of ^5.331) on [0,T]. 

Corollary 1. Consider h the solution of (j5.35p . assume that 2m > 4 + that 2r > 2 + ^ and that 
the Co Penrose criterion (11.51) is satisfied. Then there exists A(-, •) such that the solution of (15.331) 
verifies the estimate 

II^IIl 2([0,T],L2) < A[r, ||/°||^2m]||.R||£2([0,T],L2). 

Note that the assumption that 2m > 4 + ^ is satisfied if 2m > mg. 

Proof of Corollary m By using (I5.34p and Proposition [2l we get that 

( / 6 ‘^'^*\\h{t, ■)\\‘^2(jd'^dt^ ~ II^IIl 2 (RxT'^) ^ A[||/°||^2m]||7^||j;^2(RxT‘i)- 

^ 0 
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Since we have taken TZ to be zero for t >T and t < 0, we get by using again (15.341) that 

Since 7 was chosen as 7 = A[|ir ||^ 2 m], the result follows by taking 

A|r, ||/“||„>»| := A|||/«||„g.] exp (A[||/»||„.„]r) . 

□ 


6. Proof of Theorem [H conclusion 

We are finally ready to close the bootstrap argument. For 2m > mg, 2r > rg, gathering the 
results of Lemma [HI Lemma fTHl and Corollary [H we get that for all T S [0, min(Tg, Tg, Tg, T^)), for 
all i,je {!,■■■ ,d}^, 

l|5“(*’^'VllL2([0,r],Li) < A(r,Mo) (Mg + rU(r,i?)). 

Using Lemma O we deduce that 

A/'2m,2r-(r, /) < Mg + T^A{T, R) + A{T, Mg) (Mg + A(r, i?)) . 

We choose R large enough so that 

(6.1) ii?>Mo + A[0,Mo]Mg. 

Now, R being fixed, we can choose by continuity E (0,min(rg, Tg, Tg, T^)] such that for all 
T G [0,T#], 

(6.2) riA(r, R) + A[r, Mg]rU(r, r) + (A[r, Mg] - a[o, Mo])Mg < ^r. 

This yields that for all T E [0, T"^], it is impossible to have Af 2 m, 2 r{T, f) = R- Therefore, we deduce 
that > T^. We have thus proven that 

(6.3) A/2m, 2r(T,/) < R, 

for some T > 0 and some R > 0, both independent of e. To finish the proof of Theorem [H it 
remains to check that the cg/2 Penrose stability condition can be ensured. From the equation (jl.ip 
and ()6.3I) . we get that 

\\^tf\\L'^{[o,T],Hl'!iAZi) — A(TjP)- 
By using a Taylor expansion, we have that for all t E [0,T], 



g-(7+*'r)« 


ir] 

1 + I 7 P 


p +00 

■iTv^vf){t,rjs)ds= / 

JO 


ir] 

1 + I 7 P 


{F,VJ^){r]s)ds 


where 1 ( 7 , r, 7 , x) satishes the uniform estimate 

|/( 7 ,T, 7 ,t,x)| < CT sup WdtfWul 

i 6 [ 0 ,T] 

with a > d/2. Since we have 2m > 4 (by the assumption 2m > mg ) and 2 r > 1 + | this yields 

|/(7,r,r7,t,x)| < TA{T,R). 

Since satisfies the cg Penrose stability condition, it follows by taking a smaller time T > 0 if 
necessary, that for all t E [0, T] and all x E T'^, f{t,x, •) satisfies the cg/2 Penrose condition. 
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7. Proofs of Theorems [2] and [3] 

The proofs of Theorems [2] and [3] will be intertwined since in order to get the convergence of 
Theorem [2] without extracting a subsequence, we shall need the uniqueness part of Theorem [3j 
Consequently, we shall first prove the uniqueness part of Theorem [3j The result will actually be a 
straightforward consequence of the following Proposition. 


Proposition 3. We consider the following linear equation: 

(7.1) dtf+ v-V^cP-'^vJ + E{t,x)-Vyf = F, /|^^o = /°, p{t,x)=[ f{t,x,v)dv 

where E{t,x) is a given vector field such that for some Tq > 0, E € L^((0, Tq), 77^”*) and f is a 
given function f{t,x,v) G L°°(0,Tq], H Lip([0, Tq], with 2m > mo, 2r > tq. Let us 

set 

R ■= \\f\\L°°([0,To\MlT~^) + + II-®IIf2([o,To],H2—1) 

and assume that for every x, the profile /(O, x, •) satisfies the cq Penrose stability condition for 
some Co > 0. Then, there exists T = T{co,R) G (0,To] that depends only on co and R such that for 
every F G L^([0, To], 77)!) and go G 77°, the solution g of (17.11) satisfies the estimate 

(7-2) II7’IIl2([0,T]xT‘^) ^ R{ — ^R^'^o){\\f^\\H° + ll-^llL2([o,ro],'HO)) 

^0 

where A(^,77, T) depends only on co, R and Tq. 

Proof of Proposition 0 The proof follows closely the analysis of equation (14.9p in the proof of 
Theorem [T] so that we shall only give the main steps. We first set g{t,x,^{t,x,v)) = f{t,x,v) 
with being the solution of the Burgers equation (j4.32p with initial data ‘h(0,x,u) = v, recall 
Lemma [m Because of the regularity assumptions on E, Lemma [TT] is still valid: such a smooth $ 
exists on [0,T(77)] for some T{R) > 0 and verifies the estimates (j4.35p . (j4.36p . We observe that g 
solves 


(7.3) 


dtg + ^ ■ V^g - ^xpit, x) ■ Vyf{t, X, d>) = Eft, x, $) 


and that 



, x, v)J(t, X, v) dv = p{t, x) 


with J{t,x,v) = I det V.i,$(7, X, n)|. To solve ()7.3p . we use the characteristics ()5.2p . Because of the 
previous estimates on d>, the estimates of Lemma [13] are still valid. Proceeding as in the proof of 
Lemma [m we can first obtain that 


p{t,x) = KHP+ / / F{s,X{s,t,x,v),^{s,x,v))J{t,x,v) dvds 

Jo 

+ / f^{X{0,t,x,v),v)J{t,x,v) dv 


where 

77(7, s, X, v) = (V.y/)(s, X — {t — s)v, T(7, s, x, v))J{t, x, T(s, 7, x,v))J (7, s, x, v) 
and J{s,t,x,v) = \ det (s, 7, x, u) |. Again, by Taylor expanding 77 in time and by using Propo¬ 
sition [1] and remark |3| we obtain that 


p{t,x) = K^^jop + iZ 

with the notation f^{x,v) = f{0,x,v) and where TZ is such that 

(7-4) II^IIi, 2 ([o,t],i, 2 ) < A(r, 7?)(||/°||-^o -I- 117^11-^0 + T2 ||p||^2([o,r],L2) 
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for every T G [0, r(i?)]. In order to estimate the solution of the previous equation, we can again 
set p = e^^h, TZ = e'^^TZ, assume that h and TZ are zero for t < 0 and that TZ is continued by zero 
for t > T. Then by using lemma [T 6 l we end up with the equation 


h = Op'lh + TZ 

where a is still defined by (15.361) with replaced by . Because of the regularity assumptions on 
/, the estimates of Lemma [T71 are still verified. If a has the property that 

(7.5) |1 - a(a:,C)| > Co, VC = ( 7 , A:), 7 > 0, r € M, A: G M'^\{0}, 


then we can apply the operator Op"' i and use Proposition |4] and Proposition [5] to get that for 7 

1 —a 

sufficiently large, we have 

\\h\\^. <A{-,R)\\TZ\\l^^ ■ 

i,x Qq t,x 

In view of (j7.4l) . this yields that for every T G [0,T(ii)] we have 

IIpIIl2([0,t],l 2) < A(—,r,i7)(||/°||-^o + ||T||^0 + T2 ||p||^2([0,r],L2))- 
^0 

Consequently, if T is sufficiently small we get the estimate (|7.2p . 

In order to finish the proof, we thus only have to check that the estimate (17.5p is verified. Let 
us recall that by definition of the Penrose stability condition, we have that for every x G T^, the 
function 

= 1 - [ g-( 7 +»-r)s ^ . {R^VyT){x,r]s)ds, 7 > 0, r G M, 7 G R'^\{0} 

Jo i + |??r 


verifies 


inf 

(7,T,r;)G[0,+oo) xRxK'^ 


\'P{l,r,7j,f{x,-))\ > Co. 


Let us then dehne using polar coordinates the function V by 

V{'y,f,f],a,T{x, •)) = P(cr7,crf,crf7,7°(x,-)), {'y,T,v) = r > 0, 7 > 0, ( 7 , 7 , 7 ) G S+ 

where 5+ = {( 7 , f, 7 ), 7 ^ + + 7 ^ = 1, 7 > 0 ,7 / 0}. Note that we have 


/•“l-OO ’ 

^(7,7,7,cr,7°) = 1 - / e-(7+»T)5 . {TyS/yT){x,fjs)ds. 

Jo l + o-^|7|^ 

If 7^ G 77^, the function V can be extended as a continuous function on x [0 + oo[. The Penrose 
stability condition thus implies P > cq on 5+ x [0, + 00 [. In particular for cr = 0, we observe that 


'P{l, r, 7 , 0 , f) = 1 - a( 7 , r, 7 ). 


We thus obtain that |1 — a| > cq on 5+. Since a is homogeneous of degree zero, this yields that 
(j7.5l) is verified. This ends the proof. □ 


As an immediate corollary of the previous proposition, we get an uniqueness property for the 
limit equation (II.3p . 

Corollary 2. Let /i ,/2 G C([0,T],2r > ro be two solutions of ()1.3p 
with the same initial eondition f^. Setting pi := f fidv, we assume that 71,72 £ L^([0, T], iL^™). 
Assume that furthermore, there is cq > 0 such that fi is such that v (->■ fi{t,x,v) satisfies the cq 
P enrose eondition for every t G [0, T] and x G T'^. Then we have that fi = /2 on [0, T] x T'^ x 
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Proof of Corollary\^ Let 

We set / = /i — / 2 , and observe that / satisfies the equation 

(7.6) dtf + v - V^f - VxP ■^vfi-^xP 2 -^vf = ^-, /|t=o = 0, 

where p := f f dv. We are thus in the framework of Proposition [3] with E = —'VxP 2 , f = fi 
and zero data (that it say F = 0 and zero initial data). Moreover, we observe that thanks to the 
equation ()1.3I1 . we also have that 

\\^tfi\\L'^([0^T],'H2f'Sf) — ^(7"') 7?). 

We are thus in the framework of Proposition [3l From (j7.2p . we deduce that there exists T{co,R) 
such that p = 0 in [0, T(co, i?)]. This yields that on [0, T(co, i?)], / satisfies the homogeneous 
transport equation 

dtf + v ■ Vxf - VxP 2 ■ V^/ = 0 

with zero initial data and thus / = 0 on [0, T(co, ii)]. We can then apply again Proposition [3] 
starting from T{cq,R) (which is valid since fi{T{cQ, R), ■) still satisfies the cq Penrose stability 
condition). Since the estimate ()7.2p is valid on an interval of time that depends only on R and 
Co, we then obtain that / = 0 on [0,2T(co, i?)]. Repeating the argument, we finally obtain after a 
finite number of steps that / = 0 on [0,T]. This ends the proof. 

□ 

7.1. Proof of Theorem [2l We start by applying Theorem [T] to get T,R > 0 independent of e, 
such that fe G C([0, T],7^2™) satisfies (II.ip with 

sup M 2 m, 2 r{T, fe) < R- 
£€(0,£o] 

We can now use standard compactness arguments to justify the quasineutral limit: is uni- 

formy bounded in C{[0,T],RI^~^) and from (jl.ip . we get that dtfe is uniformly bounded in 
Consequently, by Ascoli Theorem there exists / G C([0,T],L^) and a se¬ 
quence £n such that fs„ converges to / in C([0,T],By interpolation, we also actually have 
convergence in C{[Q,T],R^~^~^) for every 5 > 0. By Sobolev embedding this yields in partic¬ 
ular that fs^ converges to / in L°°{[0,T] x x M*^) and that pe converges to p = J^d f dv in 
L^([0, T],L^) n L°°([0,T] X T*^). From these strong convergences, we easily obtain that / is solution 
of (11.31) and that / satisfies the co/2 Penrose stability condition on [0,T]. Moreover, by standard 
weak-compactness arguments, we also easily obtain that / G L°°([0, T], 772:"”^) nCi„([0, T], 7^2™”^) 
(that is to say continuous in time with equipped with the weak topology) and that p G 

L^([0,T],77^”^). With this regularity of p, we can then deduce by standard arguments from 
the energy estimate for (|1.3p (which is just (|3.1ip with E = —VxP) that we actually infer that 
/gC([0,T],772“). 

Thanks to the uniqueness for (II.3p proved in Corollary [21 we can get by standard arguments that 
we actually have the full convergence of to / and not only the subsequence f^^. 

7.2. Proof of Theorem [3l With the choice = /o for all e G (0,1], Theorem [2] provides the 
existence part. The uniqueness is a consequence of Corollary |2I and the fact that / satisfies the 
co/2 Penrose stability condition (11.51) for every t G [0,T] and x G T'^. 
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8. Pseudodifferential calculus with parameter 


In this section we shall prove the basic results about pseudodifferential calculus that we need in 
our proof. For more complete statements and results, we refer for example to m, [36] . We consider 
symbols a{x,'y,T,k) on T'^xjO,+oo[xM x M'^\{0}, 7 > 0 has to be thought to as a parameter. We 
set C = {'y,T,k) and ^ = (r, A;) £ M x M'^\{0}. Note that we do not need to include a dependence 
on the time variable t in our symbols (so that we actually consider Fourier multipliers in the time 
variable). We use the quantification 

{OplHt, x) = (27r)-('='+i) [ C)h (0 

Jzd-xR 

where = dkdr and the measure on is the discrete measure. The Fourier transform u is defined 
as 

u{i)= [ e-d-^+’^-^^u{t,x)dtdx. 

We introduce the following seminorms of symbols: 


( 8 . 1 ) 

a|Af,o = sup 

E('9"a) x, 2 (gd 


|a|<Af 


( 8 . 2 ) 

|a|Af,i = sup 

(C)-^E(5“V?a) 


|a|<M 


where 




(C) = (72 + r2 + |A:|2)i 


We shall say that a £ Sm,o if |a|M,o < +00 and a £ Sm,i if |a|M,i < + 00 . The use of these 
seminorms compared to some more classical ones will allow us to avoid to lose too many derivatives 
while keeping very simple proofs. 

Note that we can easily relate |a|M,o to more classical symbol seminorms up to loosing more 
derivatives. For example, we have for every M > 0 

sup sup|5Xx,C)| < |a|M+s,o 
|a|<M x,C 

with s > d/2. The following results refine slightly in terms of the regularity of the symbols, the 
classical results of continuity for symbols in 5 qq that are compactly supported in x, see for 
example [ 10 ] . 

Proposition 4. Assume that M > d/2 and that a £ Sm,o- Then, there exists C > 0 such that for 
every 7 > 0 

l|Op 2 ^||L 2 (]RxT‘i) ^ C'|Q|M,o|kllL 2 (RxT‘^)- 

Proof of Proposition^^ In the following < means < C with C that does not depend on 7 . We can 
write 

OpXTx) = (27r)-('^+i) / T^a{k/OHO df) dk' 

= (27r)“^'^^^^ f f P',,,a{k — l,^,T,k)u{T,k)dk)dTdl 

and hence we obtain from the Bessel identity that 


l|OPaU||L2(RxT‘i) 


< 


TxO-ik — •, 7 , T, k)u{T, k)dk 


L 2 (Z‘^) 


L 2 (R.r) 
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By using Cauchy-Schwarz and Fubini, we get in a classical way that 

r 2 

Fxa{k — •, 7, T, k)u{T, k)dk 


L 2 (Z<i) 


< 


< 


< 


sup A:)| / \Fxa{k - l,-i,T,k)\\u{T,k)\^dkdl 

sup I 7 , r, A:)| H^i (^d) sup || 7 , r, /c) H^i (^d) ||u(t, • 

k k 

sup|j;a(-, 7 ,r,A:)| Ilii(zd)||«('r, •)|li 2 ( 2 d). 


By integrating in time, we thus obtain that 

\\OPa'>k\\L^(M.xTd-) ^ 11-^z:®llLl(Z‘^,i^)ll^lli2(KxT‘')' 
To conclude, it suffices to notice that 


11 -^ rO-\\L^(Z<i,L'^) ^ |fl|M,0 


for M > (i/2. 


□ 


We shall now state a result of symbolic calculus. 

Proposition 5. Assume that a G Sm,i and that b G 5m+i,o with M > d/2. Then there exists 
C > 0 such that for every j > 0, we have 

(j 

WOplOp/iu) - Opl^^{u)\\ < —|a|M,l|&|M+l ,0 lkl|L2(RxT'*)- 

Note that the above estimate is especially useful for large 7 since the right hand side can be 
made small by taking 7 sufficiently large. 

Proof of Proposition\^ Note that for a G 5m,O j ^ G 5 m, 0 and M > d/2, we have by elementary 
convolution estimates that 


I«^|m,0 ^ \a\M,Q\\J^xb\\Li{Zd,L’^) + |^|M,o||-5a;0||Li(Z'i,L^) ~ |n|M,o|^|M,0 

and thus that ab G 5m,o- This yields that Op/j^ is a well-defined continuous operator on thanks 
to Proposition m Next, using the usual formulas for pseudodifferential operators, we find that 

Op/Opl = Op/ 


with c given by 


We thus get that 


= [ 


= I e''^'''^a{x,'y,T,k+ k')Pxb{k',C)dk', C = {'y,T,k). 


c{x,C) — a{x,C)b{x,C) = [ [ Vka{x,'y,T,k + sk')ds-k'Fxh{k',C,)dk':=—d{x,C/). 

J'L'i Jo 7 

By using Proposition 01 we can just prove that d G 5m,o for M > d/2 and estimate its norm. By 
taking the Fourier transform in x, we obtain that 

{Fxd^d){l,j,r,k)=j r [ iiir{FxVka){l-k',^,T,k + sk')-k'Fxb{k',C)dk'ds. 


0 
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This yields 


JZd- < f 

+ / |||( 7 ,-)l(-^xVfca)(/-A:', 7 ,-)|Lco |A:'|H+i || 7 , .)||^^ dk'. 

J'Ld <■ C 

From standard convolution estimates, we obtain that 

\d\Mfi < (|a|M,i \\\k\^x^xh\\L^{zd^L^'^ + |6|m+i,o II 1(7) Ol-^xVfcoll^i^gd^^^)) 

and thus, for M > d/2, we finally get that 

|c^|m,o ^ |a|M,i|&|M+i,o- 


From Proposition m we get that 

l|Op]t(||j;^2(KxT‘*) ^ |o|M,l|fe|M+l,o|kllL2(KxT‘*)- 
Since by definition of d, we have Op/Op/ — Op/^^ = ^Op/^, the result follows. 


□ 


We shall finally define a semiclassical version of the above calculus. For any symbol a(x,C) as 
above, we set for e G ( 0 , 1 ], a^(x,C) = a{x,sC) = a{x,e'y,eT,sk) and we define for 7 > 1 , 

( 8 . 3 ) {Opl''^u){t,x) = {Opleu){t,x). 

For this calculus, we have the following result: 

Proposition 6. There exists C > 0 such that for every e G (0,1] and for every 7 > 1 rce have 

• for every a G S'm.o with M > d/2, 

||Op^’'’'u||^2(KxT‘*) — C|'^lM,oll'^^llL2(RxT‘i)5 

• for every a G S'm.i CLnd for every b G Sm+i,o, with M > d/2, 

(j 

llOPa^OPfe’^('w) - OPa6^(^^)ll < -|a|M,l|&|M+l,0 Ikl^a(RxT^)• 

Proof of Proposition \8.tA The proof is a direct consequence of Proposition (Hand Proposition[5]since 
for any symbol a, we have by definition of that 

|a^|M,o = |a|M,0) |a^|M,i = |o|m,i- 

□ 
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